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FREFACE. 


WO IK IVG, by applying myſelf (at my even- 


= H K ing ours to the fludy of the mathema- 


N N wp tical ſciences, inveſtigated many new Theo- 
rems which, I am perſuaded, will be 


found of confiderable Uſe to facilitate computations 
and other operations in thoſe ſciences; I venture to 
lay my Lucubrations before the Public, preſuming 
the Mathematical World will not think them umworthy 


Notice. 


The Particulars they conſiſt of are as follow. 


PaxrT I. contains an Improvement in the doctrine 
of Triangles ; many Theorems relating to that doc- 
trine being collected from the proceſs of the primary 
propoſition, and ſome — are added of the Uſe 
of thoſe Theorems. 


PART 


| 
U 
f 
$ 


j 


PR E FA CE. 


| PART II. contains an Inveſtigation of ſome Theo- 
rems, relating to the Conic Sections, of Uſe in de- 
Seribing Trajeftories to touch right lines given by 


poſition. 


Parr III. contains a general Reftification of the 


Cycloid by means of an Elliptic Arc. 


Parr IV. contains a Diſquiſition concerning the 
Catenary. 


Parr V. contains the Inveſtigation of 4 Theorem 
relating to the Circle, by means whereof the ſums of 
a great number of Infinite Series are computed. 


Parr VI. contains the application of the dofrine 
of Fluxions to the finding the Roots of ſome ad fected 
Equations. —The ſecond Theorem in this part, I pre- 
fume, will be found of ſingular Uſe in computing the 
Roots of a Cubic Equation, when they are all three 
real, | | 


ParT VII. contains ſundry Theorems of Uſe in the 
Method of Fluxions': ſome of which afford remark- 
able inflances of the Harmony between the Meaſures 
of Ratios and Angles , a ſubject famous for its hav- 
ng, heretofore, engaged the attention of many emi- 
nent Mathematicians, both at home and abroad, par- 


zicularly the ingenious Mr. CoTzs (who firft confider d 


it ), 


PREFACE. 


it), and his learned ſucceſſor Dr. Suirn, who pub- 
Lſhed what Mr. Cotes had wrote upon it, with the 
addition of many elegant Theorems of his own. 


Part VIII. contains the Inveſtigation of à very 
comprehenſrve Theorem, of great Uſe in computing 
the ſums of Series, and in finding and comparing 
Fluents. 


ParT IX. contains an eaſy Method of computing 
the ſums of certain Progreſſions ; with ſome other diſ- 
quifitions concerning the ſums of Series. 


ParT X. contains the Inveſtigation of the Limits 
of certain Products confiſting of an infinite number 
of factors; and likewiſe ſome Theorems for the com- 
prtation of certain Fluents by means of Circular and 


Elliptic Arcs. 


ParT XI. contains ſome Uſeful Concluſions deduced 
from what is done in the preceding Parts. 


Theſe Eſſays I might have ſwelled to a much greater 

bulk, but my deſign, in each of them, was only 10 
foint out the way, ſo far as to render my Method 
obvious, and leave it to the Reader to purſue the 
Speculation farther, at his pleaſure. 


There needs no apology, I hope, for my inſerting, 
among ft the new Theorems ] have given, ſome others 


which 


PREFACE, 


which former Writers have inveſtigated ; ſucÞ other 
Theorems being, for the moſt part, demonſtrated in 
a new manner, and thoſe which are not ſo demon- 
Arated being neceſſary to be inſerted hg to | aa 


new J Nquiries. 


Some few particulars there are, in the Notation 
J have made uſe of, which are not commonly met 
with in Treatiſes of this kind ; but they, without ex- 
planation, will be readily underſtood by inſpection. 
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EAN. I. 


An INVESTIGATION: of a 4M 8 of 
T RIANGLES deſcribed in a certain manner about 
a Circle or an Ellipſis. 


FFC 
| CLF ITSELF £7 BL 5 $7 74 
1 


"PROPOSITION. 


The two circles ABH, mn; 22 centers are b ny d reſpec- Pig. 1. 


lively, being given in magnitude and poſition ; let any given chord 
AB, in the circle ABH, touch ,the circle mno at o; and, from 
the extremities of that chord, let Lcd other tangents (AC, BC) 
be drawn io the circle mno, touching it at in and , and mnterſect- 
ing each other at C::. It is propojed t0 find the radius AE of the 
circle ABG circumſer ribing the an ABC. 


B08 SEC TIN O AB by a right line FH, at right 


center of the given circle ABH, and alſo through 
E the center of the circumſcribing circle ABG. 


Draw dn, du, db, to the points of contact u, 


2, 0 T join Cd, and draw dþ P to AB, interſecting F H 


* LH 
B Call 


7 


oy angles thereto, that line will paſs through D the - 


nr 


—— —— FS. —_— > 
4 - — CC - — 
. 9 — * — ͥ — — — N 
. 


Fig. 1. 


MATHEMATICAL 
Call the radius (AD) of th& given circle ABH, - - R; 


the radius (do) of the given circle mno, - - 17; 
the diſtance (4D) of the centers of thoſe circles, d ; 
the given ſemichord (AF), - - - - - - - - - 6; 
the radius ſought (AE), - . 


Then, always conſidering the circle no as ſtanding upon the 
chord AB, VR — will expreſs the height of the center 
D above F, and R — — 1 the height of the ſame 


center above ; 
dþ = oF will be = VE —R4+b—r+ 2 R -.; 
and Av = Am Vd - RTI = Ta2rVR -; 
Bo = By = b o N —R'+b&'—r'+2rVR*—6.. 


To proceed with perſpicuity, it will now be convenient to 
conſider diſtinctly the different caſes of the circle no falling 
within or without the triangle ABC. 


Cas I. When the circle no falls within the triangle ABC, 
draw AG to G, the point above AB where the line FH inter- 
ſects the circumſcribing circle ABG, and the triangles AFG, AFG, 


dnC will be fimilar. Therefore, + /x*—Þ and x VX — b* 
RY the weak of E and G above F ve E reſpectively, 


I:: .: * BIEESE IT 6 Cas 2; Os 


1 value of =p or * being added to the values of Am 
and Bn, found above, we have 
ac LN NN. 
. — . 


BCB +b*—7 *+27%R ond +— 
b in this caſe being always greater than oF, 
The pray then of the triangle ABC is 44 + ——= "4a. 


b 
which multiply'd by — — gives 2br + = INLET „the area of 


b 
the ſame triangle. 


—3 


Now, 


PART I. LUCUBRATIONS. 


Now, radius being to the fine of any angle of a triangle, as 
half the rectangle of the two ſides including that angle is to the 
area of the triangle ; and the fine of the angle ACB, equal to 


the angle AEF, being A when the radius 1s unity ; we have 
AC x BC Px + A gf — b* 


1: - 7 = : 2br + : ; whence 
5 27 * + 2 l x* — þ* 3 
AC x BC= 4rx + 5 — 
T＋2r VN = 2r/R'—=b+2rx+R'—d'+ — 4 Lad <2 


the value of AC x BC, obtained by multiplying together the 
values of AC and BC found above. 
Conſequently + 2rVx*—b*Þ2rVR*-b*—2rx+R'—d'is=0, 
R-. 2 R- 3 : 
and & = 41 P R*—4* + 2rv R*— 07 
It may be obſerv'd, that if 4 be equal to R- 27R, what- 
ever þ may be, x will be = R. 


* 


Cas II. The circle. n falling without the triangle ABC, Fig. 


if o falls between A and B, let AG be drawn to G, the point 
below AB where FH interſects the circle ABG, and the tri- 
angle AFG will be ſimilar to the triangle C. 


Therefore, the heights of E and G above F being expreſs'd 
by TV - and T = reſpectively, = i= ” will 
be == Car = Cn. 


Taking the values of Am and Bu from this value of Cm, or 
Cz, the values of the ſides AC, BC are obtain d; being 


AC==— bo VI —R*-+ b —r + 2 N54 —— 


rx TrVX B= 


BC -C NA RTI TR == 
b in this caſe (as well as in the former) being greater than oF. 


B 2 Now 


4. 


MATHEMATICAL 
Now the area of the triangle ABC, in this caſe, being 


* AC BC - AB, AC x BC will be expreſſed by 


2x 21 xv x*—b* 


and alſo by 


— 


9 
— —e— „ 4 FD r VX * 
+21rV/x —b +2r/R—b —2rx+R 1 D 
Conſequently a x*—6* . ONS R -b +2rx+R'—d is So, 
ok . 8 b*r | 
ne ar TZR -T R. 


It is obſervable that if, in this caſe, q be equal to R R, 
whatever 6 may be, x will be = R. 


Ca III. When the circle mms falls without the triangle 


. ABC, and o falls not between A and B; AG being drawn as 


in the ſecond caſe, the triangles AFG, dmC will be fimilar, 


the heights of E and G above F will be expreſſed as in that 


a rx Irv x — bt 
caſe, and here, as wellasthere, C = Cx will be 7 . 


But, in this caſe, to obtain the values of AC and BC, the va- 
lue of Cm, or Cn, muſt be added to Bu, and ſubſtracted from 
Am. Therefore, & being leſs than oF, 


ACvillbe=+5+ V- RT 42rVR = —EEYEL, 


. 


BC | =—b+V 4 —R'+b'—r*+2rvR* 133 Kind 


And the area of the triangle ABC being — x AB+ AC—BC, both | 


* 1 and T 2 = +27" 1 21 R 


2 ** T 2 xv xf— b* 


1 will expreſs the value of AC x BC. 


Conſequently + 27V - I 2rVR - A＋ 2rx + Rid 
will be = o, as in the Ae caſe. 


In all the caſes, it muſt be remember d that the ſign pro- 


per to R= is the upper or lower one of the two prefixed 
thereto, 


v 
g 185 
98 
90 
ro 
, * ; 1 
28 
1 
* 
* 
4 


x 


Parr I. LUCUBRATIONS. 


thereto, according as the center D is on the fame or on the 
contrary ſide AB with the center 4: And that, according as 
the center E is on the ſame or on the contrary ſide that fame 
line AB with the center , the upper or lower of the two ſigns 
prefix d to Vx - is the proper one 

It is evident then that the center E, 4 in the firſt caſe, will be 
on the ſame or on the contrary ſide AB with the center d, ac- 


cording as + 27 /R —b þ 27x —R A- is poſitive or ne- 
gative. 

Conſequently, if, when the ſign proper to VR —# is the 
poſitive one, 2 R - A 27x R- & be poſitive; or, 
when the fign proper to WR*'—#* is the negative one, 
—2vV/R —b +2rx— R' Ad be negative; D a E. will 
be both on the ſame fide of AB. 

Therefore, x being = R when d is =R*— 2FR, it is plain 
that D and E will then both be on the fame fide of AB. 

Moreover it is evident that, in the ſecond and third caſes, E 
will be on the {ame or on the contrary fide AB with the center 
d, according as + 2 R - - - Rd is politive or 
negative. 

Conſequently, if, when the ſign proper to - R 5 is the 
poſitive one, 2r/R - — 27x —R + d be poſitive; or, 
when the ſign proper to TR - is the negative one, 
— 2 R —b--2rx—R +d be negative; D and E will 
both be on the ſame fide of AB. 

Therefore, x, in theſe cafes, being =R whend is R EAR, 
it is manifeſt that D and E will then be both on the fame fide ct 


AB. 


COROL. J. 


It follows from what has been ſaid that, 4 being equal to 
V R'—2rR or VR 2rR, whatever 6 may be, E will fall 
in D, and the circle circumſcribing the triangle always coincide 
with the given circle ABH ; à thing very remarkable ! 


For 


MATHEMATICAL 
For this to happen and the circle no fall within the triangle, 


it is obvious R muſt not be leſs than 27; for, if it be, R- R. 
the quantity to which d ought to be equal, will be imaginary. 
But, that circle falling without the triangle, the ſame thing 
may happen though R be leſs than 27, fo that R be greater than 
7. The reaſon why R, in this caſe, mult be greater than 7 
appears from this conſideration. The diſtance of the center d 


from that point in the periphery ABH which is the fartheſt from 
that center is d + R =vVR'++2rR+R; which diſtance 


mult be greater than v, otherwiſe the circle ABH will fall en- 
tirely within the circle 9279, and no chord in That can be a 


tangent to This. Therefore, ſince A R T 27R R muſt 


be greater than , VR + 27R mult be greater than - R, 


R 2 R greater than 27R N R,, and R greater than . 
Conſequently, ſince , mult be leſs than 4R, 4 mult be leſs 


than VR ＋ 8R,, or its Equal zR. 


COR OL. II. 


In orthographic projections, circles having the ſame inclina- 
tion to the plane of projection being projected into fimilar el- 
lipſes; and any tangapt of a circle projected into an ellipſis be- 
ing likewiſe, when projected therewith, a tangent to that el- 
lipſis: It follows that, if, within or without any ellipſis whoſe 
tranſverſe axis is T, a ſecond concentric ſimilar ellipſis be de- 
{crib'd with its tranſverſe axis, ;, in the ſame direction with T; 
and a third ellipſis be deſcrib'd, ſimilar to the other two, with 
its center any where in the periphery of the ſecond ellipſis, and 


2 


3 . 15. 
having its tranſverſe axis equal to -, and parallel to the 
3 | 


tranſverſe axes of the other ellipſes ; any tangent being drawn 
to this third ellipſis and continued both ways till it interſects the 
periphery of the firſt ellipfis in two points, and two other tan- 
gents being drawn to the ſame third ellipſis from thoſe points 
of interſection, the locus where theſe laſt tangents continued 


8 each other will always be in the periphery of the firſt 
ellipſis. 


The 


) 


Paxr IJ. LUCUBRATIONS. 


The drawing of tangents in that manner will be impoſſible 


unleſs F be leſs than 3T. 


is 


Other concluſions of a like nature may be drawn from what 
done above and a conſideration of other projections, but I 


have no inclination to purſue the ſpeculation farther. 


COROL. III. 
From the firſt and ſecond caſes of the preceding proceſs the 


following uſeful theorems are caſily collected: In which 


26 denotes the baſe of any triangle; 

24 and 2c, the other two ſides; 

P, the perimeter ; 

p, the perpendicular from the vertical angle on the baſe ; 

A, the area; 

R and 7, the radii of the circumſcribing and inſcribed circles 
reſpectively ; | © 

d, the diſtance of the centers of thoſe circles ; 

D, the diſtance of the center of the inſcribed circle from the 
vertical angle; 1 

p, the radius of the cĩrele touching the baſe 26 (without the 
triangle) and the continuations of the other two ſides; 

Js and A, the diſtances of the center of this circle from the 
center of the circumſcribing circle and the vertical 
angle reſpectively. 


20 |= b+Vb'-r'—2rR+2rv R554 ä 

20 |=—=b+VF—o+20RF 2 UN = al N15. 

2c -V arRA 27 NR FR EE 

2c [== 3293 — of + 2pR F26%R'-b+ ESE. 
[22+ 20= 26 + NI 


24 


N 
122 X 2c 
13]2@ X 20 
14/24 X 2c 
Is A 
16 A 
17 A 
180 
19 7 
20] þ 
2H - f 
22] 0 
235 — 
24% Ae 
7 D 


——— 
—ů— 


| 


MATHEMATICAL 


25 — 25 —— 3 


b 


2V 1 — —2R * 27 


2V b*— e +28R + 20VR 
2rR + 2rv/ R*—43 


45 + 


YET VRP 


b 
Yes. ... -7- RTL. 
* br ; 
3 27 R 2*RV R*— b* 
— 4rR _ eee þ* Ore; 
5 2 KAT 2reRV N 
r 
2 20R* + 2 RR = 
eee 
5 NN 
; ? „ :, 
1 * RV - 5 
— — 209 - £ 4 7 "tt 
= 27 + - r 
— IKAR 
55 ; 
SLES: CR +2VR —7 
TIER 26 4 £5.04 7 s 


" VR*—=zrR. 


VR* 


+ 2eR. 


RTT WR 


eR + oþ 


b 


R 


7 X V 2R*+ 2RVR DF, 


b 


26 A 


Pagr I. LUCUBRATIONS. 
[26] A [= * V2R'+2RVR <P, 


The ſign proper to WR - is the upper or lower one of 
the two prefixed thereto, according as the vertical angle is 
acute or obtuſe. 


COROL. IV. 


s being put to denote the fine of the vertical angle, and t the 
cotangent of half that angle, to the radius 1 : the following 
theorems are deduced from the above, by ſubſtituting for R its 


Equal =, and afterwards writing — and / for their reſpective 


X + v/ 1—5* 
Equals . i 
4 $ 


| i 20 |= 4+ /F=r—E +1 
| - IT 
72 2.4 = —b+/V—(+ g + et. 
1 2 — A e- 
4 20 8 g * 
524 + 20 = 26 + 2rt 
| 6024 ＋ 2c = — 26 + 2pt 1 
7 24 — 20 2 3 1 n — 55 
1 3 Wo 1 1 2 
8124 — 20 275 TER : 
9 P — 4b ＋ 2rt 
10 1 * 2pt 
r 
11 P r 
12424 XK 24} == 4. 2 
| s s 
13/24 X 20 = — 1 


C 14 22 


114 1 
[2 2 9 + 2bgs 
$ 
COROL.V 


Suppoſe 2b the hypothenuſe of a right-angled triangle: 
Then, R being = 5, £4 have, from Cor. 3. 


| |= R+VR—r—2R+ 
I 22 r 21 7. 
The L of 282 
2 5 825 = —R+VR—p+ 2pR + p- 
3'The I a R- VR - - erR u. 
4 PLa=—R—VRErFF2R + 6: 
5 24 + 2C — 2R + 2r 
6] 24 + 2C = — 2R + 2p 
| 7 24a —2c |= 2VR'—r —2rR 
8| 22 — 2 |= 2VR'—p + 2pR. 
9 P =4R . 
IO P = 2p · 
R 28 
11 P = — -+ = 
124 24 X 2c |= 4rR+ 2r. 
113} 24 X 2C == 277 
144 24 X 20 | =— 4pR + 2p. oY 
* 
T5] P hog 2r TA 


16 5 


PART I. LUCUBRATIONS, 11 
16] P = —. 


17 7 == ++ 


CORO 1. 


If 24 be one of the legs of a right-angled triangle; 
then is 7 =b — Vb 2rR + 27 R -, 
and p V p*+ 2fR — 2 R -. 
Whence 2 R- 2R + 27 — 26, 
2 LR = 2R — 2p + 26; 


þ* 

2R ==, 
* 

2R IT EEE > 


But 2/R*—#' and 2R are then equal to the leg 2c and hy- 
pothenuſe 24 reſpectively. Conſequently 


14 = fie ＋ 35 —r. 
The Hypoth. 7 * 
2 SM == . — 3 A og 
3 20 . — —— * of 
The Leg CO bo 
8 if 
COR OL. VII. 
The third caſe of our propoſition furniſhes us with theſe 
theorems. 


11 26 FD —8T Va. N T RTR BER 


= e 4 
a 


2] 2 2 2 + *. 6*+2pR+2pVR*-a* R 


2 — 2 RA 2 Ria? R. —49k | 
„ = 4 26 


2 
2 
S 
— 
E 
| 
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== 24 + 2V 2.— + 26R + 200 R. 
6 25 * * "FD 4pR — 26*R* + eee 


> 
| 

. 
| 
| 


7 


The ſign proper to VR. is the upper or lower one of 
the two prefixed thereto, according as the angle oppolite to 
the fide 24 is acute or obtule. 


CORD Lv | 
| Putting s to repreſent the ſine of the angle oppoſite to the 


1 ſide 24, and 7 for the cotangent of half that angle, to the ra- 
dius 1; we get the following theorems, by ſubſtituting, in 


the laſt corollary, — for its — R; and afterwards writing 


* 
1 $ 

vs 1 LE 

1 | _ E 4 . and 1 I * — 


and 7 for their reſpective Equals 


I 


U N | F 
| | 1 26 3 8. 3 p*+ 2apt + K. 
xt 5 : 
| 2 2C — 1 2 apt EY 2 
| 4 * 
} 3 [26 + 24 = of a*— p?+ 2apt . 
[4 [2b—2d =— 2a ＋ 
3 
1 Pl 
| 5 [- P _— 24 + 3 2apt, 
16 26 Xx 2C = 3 
* ; 17 
of 


=" 
> 

l 

N 

= 

| 


PART I. LUCUBRATIONS, 


In the theorems in theſe two laſt corollaries, @ may be either 

eater or leſs than c: and p may denote either the radius of 
the circle touching the fide 25 and the continuations of 2a, 2c; 
or the radius of the circle touching 2c and the continuations 
of 22, 25. 

By means of the theorems in the ſix laſt corollaries, a oreat 
number of problems relating to plain triangles may be ſolv'd 
with extreme facility : Of which number I ſhall ſelect a few, 


and give their ſolutions for examples. 


EXAMPLE TL 


Let the radii of the circles circumſcribed about, and inſc 26 a in 

a triangle be 5 and 2.2 reſpectively; and one of its ſides, 8; 
find the other tao ſides. 

Taking R=5, r=—2.2, and H=; the values of 29 and 2C, 
in Cor. 3. Theor. 1. and 3. will be the required fides ; which 


are 9.92 and 6.57. 
In this caſe, 4*—7*—2rR being leſs than 27V/R*— , the 


upper ſign of the two prefixed to VR. R?— 4* is the proper one. 
If (R, „, and a fide 26 being given to find the other two 
ſides) 7 — 2rR be not leſs than 2rV/R*— , either of the 


ſigns prefix d to V/ R- may be conſider'd as the proper 
one ; and the problem will then admit of two different ſoluti- 
ons, except & be, at the fame time, = R. 
R being = 25, 1 = 4.5, and 2þ— 40: 
2418=40.02, and 2c 211.97; or 24 2 26.69 and 2c=— 17.8. 
It is n 62 — 7 — 2rR can never be greater than 


2rVR*—#* but when /R*— 2rR (d) is greater than 7. 


-——DEXAMPEE—t:: 
Given R, r, and D; to ſind (the baſe) 26. 


By Cor. 3. Theor. 23. 3 R == 


Whence b/ D* — R HTTV RN, 


D*b — 2rRV D*— 2 = = 0, 


and 2b 2 . 
D 


EXAMPLE 
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EXAMPLE III. 
Given R, r, and p; to find (the baſe) ab. 


By Cor. 3. Theor. 18, 5 is = 2r + 'D 4 — 


Therefore, writing q for p—2r, gb R i R-, 


Pl — 297 R —t 
and 25 — —— 
| q 


EXAMPLE IV. 
Given R, r, and p; to find (the baſe) 26. 


2rR + 2rvV R*—b* 


8 9. P = 4b + 1 
e EE NT PI er] 
10. P : : 
Therefore 4b + LES 7 WE = =X — 


Hence 2 —p—rxR=p—rx+VR*—#, 


ARRRS = HE IA 


and tad ERR 


EXAMPLE V. 
Given R, r, and P; to find the correſponding triangle. 


By Cor. 3. Theor. 9. P is = 4b + a * of 

Whence 863—Px4þ*+:!P*+7*+- AR 20 —- 2PR o; 
where 24 has three real and poſitive values, each of which is a 
ſide of the required triangle. 

If the cubic equation x fx*+- gx — bh =o, has three real 
roots; f, g, and h̊ being poſitive quantities; it appears by theſe 
compariſons, f=P, gz=iP*+r*+4rR, b=2PrR, that thoſe 
roots are the ſides of a triangle, whereof the perimeter, and 

the 
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che radii of the circumſcribing and inſcribed circles are 5, 
1h | nw; 3.0 — . 
FETs and SUED reſpedively 
EXAMPLE VI. 


Given R, p, and 2a + 2c — 2b (= Q); to find the corre- 
ſponding triangle, 


26R + 260 * 
— a 


Therefore P — 452 2 04 26R + - T7 


Hence 843+Q x A4“, O- 4pR x 26 — 20RD 


where, of the three values of 26, only one is poſitive, and that 


By Cor. 3. Theor. 10. P is = 


is the fide of the required triangle contiguous to the circle 


whoſe radius is p. 
Moreover, by Cor. 7. Theor. 5. 6 


| P is = 2a + 2V a — * + 2pR + 2pY R*— 4.3 
and, by Theor. 1. of the ſame Corollary, 


2b =— a + V &—p*+ 2pR + 2pVR*—a* —+— 


Therefore P—=4b=Q is = 8 . An and, 


a 
from hence, we find 843—Q x 4a*+1Q* + 6* 4fR * 24 J 
2QepR = 0; where two of the three values of 24 are poſitive ; 
and thoſe two are the ſides of the required triangle, whoſe 
continuations are touched by the circle whoſe radius is p. 

Now it is obvious that the poſitive values of 2a, in this equa- 
tion, are the negative values of 26, in the equation above; and 
the negative value of 24, in This, the poſitive value of 26, in 
That. | 

Conſequently each of the three values of 24, or each of the 
three values of 256, is a ſide of the required triangle; the nega- 
tive values being conſidered as poſitive. | 

Hence, by making ſuch compariſons as in the laſt example, 
it appears that if the cubic equation x3+ fx* + gx— o, or 
x3— fx* + gxx + þ = 0, has three real roots; /, g, and h de- 
noting any poſitive quantities ; thoſe roots are the fides of a 

triangle 


eR+ eV R*—a* 


a 
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triangle ABC; AC BC—AB being =, the radius of its 


* „and the radius of 
; . r r : 
the circle touching AB (without the triangle) and the continua- 


tions of the other two ſides —= L=3L de ſide con- 


tiguous to this circle being the poſitive root when x3 4- fx* 
＋ g — h is 0, and the negative root (conſider'd as poſitive) 
when x3 — fx* + gx + b is Do. | 


circumſcribing circle = 


EXAMPLE VII. 


Given R, ander; to find the triangle when its area 1s a maxi- 
mum, or a minimum. | 

| . PR + rv Rab 

By Cor. 3. Theor. 1 5. A is= 2br 4. 


5 5 whole 


fluxion (2rb — — 3 SER IO — 
+ VR — 7 * 

the caſe of a maximum, or a minimum, be — e 
Therefore + V R*—#* x 20 — rR will, then, be = R'; 


and 26 (a fide of the triangle) — / 2RxR +r+VR'—2rR: 
where, of the two values of 26, the leſſer correſponds to a 
minimum, and the greater to a maximum ; the fluxion of 
2br ＋ — ED 2 
firſt negative and afterwards poſitive. 


From the laſt equation but one we have R + VR*—bx7rR 


—= + VR*—F x26: And this equation being manifeſtly im- 
poſſible (with reſpect to our triangle) if the lower of the two 


ſigns prefix'd to R be ſuppos d to take place; it fol- 


X 7 will, in 


as h increaſes from Nothing, being 


lows that the angle oppoſite to the ſide 25 mult be acute. 


Now, tho', R, r, and a fide being given, the ſame may, ac- 
cording to our firſt example, ſometimes correſpond to two dif- 
ferent triangles : yet, as, in that caſe, the angle oppoſite to the 
given fide is acute in only one of thoſe triangles; and as it is 
here requiſite that the angle oppoſite to the fide 26 be acute; it 
is plain that, Rand er remaining invariable, there can be _ 
one triangle a maximum, and one a minimum. Whic 
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Which maximum and minimum, now the fide 29 is known, 
are eaſily determin'd in the following manner. 


Take two points, D and d, whoſe diſtance from each other Fig. 7. 


is /R*—2rR, and about thoſe points as centers deſcribe, with 
the radii R and , the circles aA, xy reſpectively. Through 
the points x and y, where the diameter adDA cuts the circle 
xy, draw BxC, byc, both at right angles to that diameter; the 
former cutting the circle aA in B and C, and the latter cutting 
the ſame circle in b and . From B and C draw, to the circle 
xy, the tangents Be, C/; and the point where thoſe tangents, 
continued, interſect each other will, by Cor. 1. be ſome here 
in the periphery aA ; and, ſince the angles eBC, CB are equal, 
that point of interſection will, it is evident, be at the extre- 
mity A of the diameter adDA. So likewiſe it appears that the 
two tangents Ig, ch, drawn to the circle xy, will, if continued, 
interſect each other at a, the other extremity of the diameter 


adDA. Now Ax being = R r + VR -k, and 
ay RTT — VR*—2rR; AB, which is a geometrical 


— — — — 


mean between Ax and Aa, is = / 2R xR+r +vYR*—27rR, 
the 1 of the two values of 29 found above; and ab, 
which is a geometrical mean between ay and aA, equal to 


7 2R x R-+r—vR*—2rR, the leſſer of thoſe two values of 
26. Conſequently, the angles ACB, ach being acute; of all 
the triangles, the radii of whoſe circumſcribing and inſcribed 
circles are Rand 7, the ifoceles triangle ABC is the greateſt, 
and the iſoceles triangle abc the leaſt. 


EXAMPLE VIII. 
Given the vertical angle, , and p; to find (the baſe) 26. 


By Cor. 4. Theor. 9. P is = 46 + 2rt = 2p?, the value of 
P in Theor. 10. of the ſame Corollary. _ 


Hence 26 is found =p —7 xz. 
If the given angle be go?, then, ? being = 1, the Hypoth. 


26 is px. 


D EXAMPLE 
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EXAMPLE IX. 


Given the vertical angle, 2a + 2c (= m), and p; to find 
N . ere 
m + 25 K — being = = bp, we have r = 22 


m ++ 26" 


But, # 1 by Cor. 4. Theor. 82 mn n 
2bp mn — 5 
r; and conſequently - == Hence 46 4 4ptb 


is found = m, and 26 = vw + p*f — pt. 
When the given angle is 90 the Hypothenuſe 26 is 


= vm + p. 
EXAMPLE X. 
Given the vertical angle, P, and 1 ; to find (the baſe) ab. 
By the preceding Ex. = _ is = ——: 
"po ? 
2P + 2pt 
The given angle being 90e, the Hypoth. 26 is = _ 


Hence 2 —= 


EXAMPLE XI. 


Given the vertical angle, P, and 24 — 2c (); to find (the 
baſe) 26. 


2 2  2bp 
By Cor. 4. Theor. | 8. 1 Y bat bo woo 
10. P ay 
By the ſecond equation pis ev, which W put for p in 


the firſt equation, we have 2 7 1 — —+— ＋ 


1 ＋ r — — 
When the given angle is 99%, the Hypothenule 26 is 
Vn + 2ÞP* — P. 


EXAMPLE 


Parr I. LUCUBRATIONS. 


EXAMPLE XII. 
Given the vertical angle, P, and aa x ac; to find (the baſe) 26. 
By Cor. 4. Theor. 13. 24x 2c is = , 
2a X 2c XS: 


therefore is = 2pf = P, by Cor. 4. Theor. 10. 


Hence we fd, xe = _ —£ „4% Hart being =P, 
by Cor. 4. Theor. 9. 


; 2a & 2c * P 2ax2cxw 
Conſequently 2b is = — FB A I 
being put for st, which is equal to the coverſed ſine of the 


vertical angle. 


If the given angle be os, the Hypoth. 2b wil lbe=2—20x% 


EXAMPLE XIII. 


Given the vertical angle, P, and 2a x 2% X 2c ( t9 find 


(the baſe) 20. 
26 being — 1 by the laſt Ex. 


E 
we have 45. — Pb — 24 e 
ho 
Whence ah is found = £ + 12 


Now, the vertical angle and P being given, and + ſupposd 


variable, 25 is the leaſt poſſible when the other two ſides are 


equal ; and its value, then, is - _ e denoting the fine 
of half the vertical angle, to the radius 1. Conſequently 
— 2 the leſſer of the two values of 29 found 


above, will, with reſpect to our triangle, be impoſſible when 
that value is leſs than _ and the problem then will only 


admit of one ſolution. 
Moreover, = the leſſer limit of 26 cannot be greater than 


A —+ JE , it follows that 2 " cannot be greater 


I +e 
D 2 | than 


rg 
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_” 2 P3 
than / —-— — F. nor r * greater than — a _ * g, except ze 
e 
. . 3 
be leſs than 1, and han the greater limit of & is n If & 
— * * 2 Ke | 
2 X os, Een always be leſs than 
— 2Ww 4 16 P 
I+e | 
_ when 3e is greater than 1. Therefore, it is plain, the 


problem will be reſtrained to one ſolution, except when unity 


is greater than ze; and then P and & may be ſo taken that it 
ſhall admit of two ſolutions. 


The given angle being 9go?, = „ 


IT 14% 
: . PY P * kw 
which quantity being manifeſtly greater than 8 


this is one of the caſes in which 26 can, with reſpect to our tri- 


angle, have only one * value; and, w being then = 1, 


the Hypoth. 26 is = — — + Li —— . 
EXAMPLE XIV. 
Given the vertical angle, d, and D; to find (the baſe) 26. 


It is obvious, writing e for the fine of half the vertical angle, 
that V is = De; therefore, ſubſtituting De for r in Theor. 21. 


Cor. 4. we have d — 4 — — 


Whence 46* — Seth ws = 2 5 
and 256 = 2Des + 2 BD ,. 


The given angle being 9090 & is , I, and 


n een 26 D 2 8 + 4. 
EXAMPLE XV. 
Given the vertical angle, d, and d; 1 fo 4 (the baſe) 26. 
By Cor. 4. Theor. 21. d = —— 2brs . 


"iS 


By 


Paxr I. | LUCUBRATIONS. 
* 7 2bes 


By Cor. 4. Theor. 22. 12 


By the iſt of theſe Equat. ris =; by 0 2d, bis ===. 


Moreover, by Cor. 4. Theor. 05 Rd 10. it appears that ap is 
Om 69 


—= 4b + 2rt; therefore p is = — 2 + i the value 


of p found above: 
9 2— 59 2b b” a f*5* 


2bs t 20 


, the value of- 


<A we have r — 
before found. 
It follows therefore that 25 is = —— X 5. 


The given angle being go?, the Hypoth. 2b is = 'F - „ICI. 


EXAMPLE XVI. 
Given the vertical angle, and d; to find the triangle when (the 
baſe) 26 is the greateſt Tall. 


The vertical angle and being given, d, it is obvious, is the 


leaſt poſſible when the ſides 2a, 2c are equal; and, 6 being 
then — — e and s denoting the fine and coſine of half the 


vertical angle, to the radius 1 ; it appears by ſubſtituting —— 
for 6 in Theorem 21. 3 4. that, in that circumſtance, 


— 


d 1s = x DES an = —, —, q being put for == ; 


11 


Conſequently, the yerrical angle and d being given, 7, or its 


value << (found by the Theorem laſt- mentioned) will be 
the <a poſſible when — ds. 


It follows then that 5*— 2% will be the greateſt poſſible 


when — dis, and 
26 the greateſt poſſible when = 244s* +2&/pf + 7s +1. 
| The given angle being 90%, gis = 1, and 


tho Hypoth. 26 the greateſt poſſible When wi =1+ V 2 * 190 
The 


21 


22 MATHEMATICAL 


The vertical angle being 60®, 1 + e— 2es is o, and 9 in- 
finite. Therefore, in that caſe, whatever the given quantity 4 
may be, the greater limit of 26 will be infinite. 


EXAMPLE XVII. 
Given r, p, and 2a + 2c ( n); to find (the baſe} ab. 
5. 12 20 + 2rt. 


By Cor. 4. Leo. ö 6. mM = — 26 + 2pt. 
By the 1ſt of theſe Equat. 27 is = —.— = — the va- 
lue of 27 found by the 2d. wh, : 
- 1 


Hence 25 — 27 2 
EXAMPLE XVIII. 
Given r, p, and 24 — 2c (=n); to find (the baſe) 26. 


2br- 


7.8 = x Þ—r mnt. 
„ 
8. „ 27% 1 * 
TTFCCTCCCCC ART, fon Ys 1 
By the iſt Equat. . l + þ 7 
the value of found by the 2d. 


e | 
Hence 2b nn + 4rp. 


By Cor. 4. "Theor. 


EXAMPLE XIX. 


Given p, p, and Þ, the radii of three circles each touching 4 
fide of a triangle (without the ſame) and the continuations of the 
other two fides ; to find the triangle. 


Let t be the cotangent of half the angle oppoſite to the ſide 


24, and ſuppoſe that the circle whoſe radius is p touches that 
fide and the continuations of the other two. 


| Then, by Cor. 4. Theor. 17. A = — 2p + p*f ; 
and, 
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| Fa 
and, by Cor, 8. Theor. 7. 


4” 41 
1 


7. © 4” 2 ht A 
Therefore 20 — is = 24p — - from whence 2 is. 


found — Lay . 


. 
2 


1 


Moreover 2 — 


is = — 2ap + p*t; and from hence 25 | 
E 1 


—, the value of 24 found above: 


txe+te 3 A 
Hence ri Fer. 


Mal. 
Conſequently, writing g for J/ 2p +pp+ 


P P» 
24 is = —_ ; the fide touched by the circle whoſe radius 


I —— — 


%. ; and the other fide = L. 
8 


EXAMPLE XX. 


Given the radius of the inſcribed circle; alſo D, and b, the rad 
of two other circles each touching a fide of the triangle and the 
continuations of the other tawo fides : to find the triangle. 


Let 7 be the cotangent of half the angle oppoſite to the fide 


24, and p be the radius of the circle touching that ſide and the 
continuations of the other two, as in the laſt Example. 


Is, A — 2ar + 7*t. 
Then, by Cor. 4. Theor. : 3 F 
x Alſo, 


pl 4 
19 
3 1 
4 
x 
„ K " 
\ : bt 
, | 
N 
. 
Ly 
Ty 
— 
: 
: 1 
$ + 0 
1 
2 
| 
1 
1 
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70 
2 


Alſo, by Cor. 8. Theor. 7. A = 2a — 1 


Ls 


Therefore rpt is = 2ap — =: from whence we have 


_ = EL 


"Pp 
Moreover rpt is = zart; and from hence we get 


24 = | — FX: = 1, the value of 24 before found: 
ef 


Hence = =: 


On 


47 


Conſequently, writing g for pp — 7p — 7p, 24 will be 


= . the ſide touched by the circle whoſe radius is 
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. 
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PA NT N. 


Some Turgokkus relating to the Cox ic SgœTIONs, 
inveſtigated. 


S&W DG bebe 


PROPOSITION. 


Suppoſe fw9 bodtes, A and B, to ſet out at the ſame time, with Fig 
velocities in any given ratio, from two given points A and B re- 
ſhectively, and continue to move unformly along the right lines 
AB, BC, interſecting each other at B in any given angle; it 1s 
propoſed to find the nature of the curve ApCp, to which a right line 
ab, joining the bodies, ſhall always be a tangent. 


1 MET AB be = a, and let the ratio of the velocity 
1. of A to that of B be as a to b. From A draw a 
 B K parallel to BC; and, having taken thereon AD 
n = == MC 78, jon BD, and draw AE parallel 
thereto : Through þ, the point where ab touches 
the curve, draw pnm parallel - BA, interſecting AD in and 
AE in m: Draw likewiſe, from a, aq, ar, parallel to AD, 

Al and meeting mp in q and r reſpectively. 
E Then, 
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Then, the triangles DBA, Amn being ſimilar; if we call 
BD, d; Am, x; and mp, y; we ſhall have Ar = ag =>, 


a 
inn gr =—. Moreover, ar (= x) being to pr, as x toy; 


"i 
pr will be = 2, and mr = Aa — y — 2, Therefore pg 


* 


(= pro gr) will be = © ©, aB =amy—2; and, by 


reaſon of the Rat of the triangles baB, apg, - 0 
42 U 1 : J: Bs, which therefore will be = e 2. 
” dy — ax 


But Aa is to Bb as a to h: Therefore b x 722 ” will be equal 


abx — byx + bxy > 


to a X ; whence F= * — xy; of which taking 


dy — ax 


the fluxions, ſuppoſing y . and dividing by 2 = we get 


. = 55. Conſequently, taking the fluents, we have 
125 5 Der pgs 
——=y : By which it appears that the curve Cp is a 


Conical Parabola ; AE a diameter thereof; and the parameter 
of that diameter a third proportional to BD and 2AB. 


COROL. I. 


Any two tangents AB, CB being drawn to any conical para- 


. bola ApCp, touching the ſame at A and C, and interſecting 


each other at B; if any third tangent ab be drawn (to the 
ſame parabola) interſecting the tangents AB, BC, at à and 6 
reſpectively, Aa x Ch will be = Ba x Bs. 


COROL. II. 


Three tangents AB, CB, ab being drawn to a parabola (as 
in the preceding corollary); if ae, parallel to the axis of the 
figure, interſect BC in e, Be will be equal to þC. 
| COROL. 
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COROL. III. 


From the laſt corollary, and what is ſaid above, we learn 
an eaſy method of deſcribing a parabola that ſhall touch three 
or four right lines given by poſition. 


Exame. I. AB, BC, ab being three right lines given by po- 
fitton ; let it be requir'd to deſcribe a parabola that ſhall jouch each 


of thoſe lines, and let C be the point of contact of the line BC. 
Taking, on BC, Be equal to HC, and joining ae ; CF, pa- 


rallel thereto, will be a diameter of tlie required parabola ; and 
the parameter of that diameter will be a fourth proportional to 
ae, Be, and 4BC. Which being known, the parabola may be 
deſcrib'd in the eaſy manner commonly taught oy the writers 
on conics. 


ExAMp. II. To deſcribe a parabola that fhall touch three 
right lines given by pofition, and have its axis parallel to another 
right line given by poſition. 


AB, BC, ab being the three lines which the parabola is to 
touch, and ge a line to which the axis of the figure is to be 
parallel; if e be the point where that line interſects BC, and 
C be taken equal to Be, then ſhall C be the point of contact 
of the line BC; and the parameter of the diameter CF (pa- 


rallel to ac) will be £25 — as in the preceding example. 


Examy. III. To deſcribe a e that fhall touch four 
right lines given by poſition. 


Let AB, ab, Bb, HI be the four lines which the parabola Pig. 5. 


is to touch: Draw HG, 4G parallel to %, HI reſpectively ; 
then ſhall the line BG be parallel to the axis of the figure. 
The reſt follows as in the laſt example. 


E 2 
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Then, the triangles DBA, Amn being ſimilar; if we call 


BD, d; Am, x; and mp, „; We ſhall have An = ag = © 


” a 
ax 


mn = qr = . Moreover, ar (= x) being to pr, as x toy; 


pr will be = <4 and mr = Aa = y — 2, Therefore pg 


(= pro gr) will be =2 a © aB =a0y—2; and, by 


reaſon of the ſimilarity of the triangles baB, apg, Y o 7 : 


abx — byx + bxy 
dy — ax - 


a NN y—Z 22 7 : Bb, which therefore will be — 


But Aa is to Bb as a to 5: Therefore 3; x y— 2 will be equal 


bx — byx + bxy a*x* 


to a x < ; whence FE v — xy; of which taking 


dy — ax 

the fluxions, ſuppoſing y invariable, and dividing by =, we get 

24" x 
4 


4 =y : By which it appears that the curve ApCp is a 


Conical Parabola ; AE a diameter thereof ; and the parameter 
of that diameter a third proportional to BD and 2AB. 


= 7. Conſequently, taking the fluents, we have 


COROL. I. 


Any two tangents AB, CB being drawn to any conical para- 
bola ApCp, touching the ſame at A and C, and interſecting 
each other at B; it any third tangent 46 be drawn (to the 
ſame parabola) interſecting the tangents AB, BC, at @ and 6 
reſpectively, Aa x Ch will be = Ba x BG. 


COROL. IL 


Three tangents AB, CB, ab being drawn to a parabola (as 
in the preceding corollary); if ae, parallel to the axis of the 


COROL. 


figure, interſect BC in e, Be will be equal to C. 
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COROL. III. 


From the laſt corollary, and what is ſaid above, we learn 
an eaſy method of deſcribing a parabola that ſhall touch three 
or four right lines given by poſition. 


Exame. I. AB, BC, ab being three right lines given by po- 
tion; let it be requir'd to deſcribe a parabola that ſhall iy f each 


of thoſe lines, and let C be the point of contact of the line BC. 
Taking, on BC, Be equal to C, and joining ae; CF, pa- 


rallel thereto, will be a diameter of tlie required parabola ; and 
the parameter of that diameter will be a fourth proportional to 
ae, Be, and 4BC. Which being known, the parabola may be 
deſcrib'd in the eaſy manner commonly taught ow the writers 
on conics. 


ExAMp. II. To deſcribe a parabola that ſhall touch three 
right lines given by poſition, and have its axis parallel to another 
right line given by poſition. 


Ag, BC, 26 being the three lines which the parabola is to 
touch, and ae a line to which the axis of the figure is to be 
parallel; if e be the point where that line interſects BC, and 
C be taken equal to Be, then ſhall C be the point of contact 
of the line BC; and the parameter of the diameter CF (pa- 


4BC x Be 


rallel to ac) will be , as in the preceding example. 


ExampP. III. To de 1. a parabola that fhall touch four 


right lines given by pofitton. 


7 


Let AB, ab, Bb, HI be the four lines which the parabola Fig. 5. 


is to touch: Draw HG, 4G parallel to %, HI reſpectively ; 
then ſhall the line BG be parallel to the axis of the figure. 
The reſt follows as in the laſt example. 
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The velocities of the bodies being ſuppoſed ſuch that Aa x C5 
ſhall always be to Ba x Bb in any ratio of inequality, vi. in 


Fig. 6. the ratio of — to a þ being invariable, and either leſs or 


greater than a: If CD, parallel to AB, be equal to &; and, | 


BD being joined, AE, ar be parallel thereto, inſtead of 2 


bx 


parallel to BD; we ſhall have An 4 =" un qr ==, 


Fx 


Sr .= 2, and mr = Aa —= zy—2Y, BD being called d. There- 


hx - 
fore pg (= pr qr) will be = 2.7, aB = 42 - 2; 


* 


and, pq being to aq as aB to Bb, this laſt quantity will be —= 


abs — byx xy . | 
— 1! = Conſequently, 0 (= BC Bb) being —= 

dy — kx OX — yx 241 2 2 | \ 
b * — A X ax — yx + xy will be = 1 


a X yx — Xy N ay — a+kt.x+yx—xy: Whence 
2 4 *. — 74 2. 933 1. xyxy — adyxy + adxy* O. 


2 


Taking the 8 of the laſt equation, we get, ſuppoſing x 
invariable, — a AK. xy TA. xyX — adyx Na = 3 | WS 


and, ſuppoſing y invariable, 
a+ k. 49 4 Þ * ＋2—1. ach =0. 


200.—4—7 1. * e 
By the firſt of theſe two equations = is found j | | 
a ady—a=& . xy 

ady — 4  þ , xy : * —p 


„ 
- — 


* 
7 a ＋ 4. 4* —— 7.5 Therefore | 


and, by the ſecond, 


YZ / Parr IL LUCUBRATIONS. 


Therefore — will be — ind ; 
ady — 4 — . xy : a ＋ 4. 4 — 4 — 4. 5 


24 „ 1 + a* * 42 
from whence we have 7 AE 3 


Hence (k being always greater than — 4) it appears that 
the curve ſought will be an Ellipſis or Hyperbola, according as 
A is leſs or greater than @ : that a diameter of the figure, from 

24d 


the point A, will be = —; and its direction AE; alſo that 
| a mn # | 


its conjugate diameter will be = 24 * — - z; and, con- 


ö 24. 441 
ſequently, its parameter = ——— 


This concluſion (which ſuggeſts ſome remarkable properties 
of the conic ſections, hitherto unnoticed) will be of uſe to fa- 
cilitate the buſineſs of deſcribing elliptic or hyperbolic trajecto- 
ries that ſhall touch three, four, or five right lines given by 

oſition: to which buſineſs, a Reader who is acquainted with 
what has heretofore been wrote on that ſubje& by Sir Isaac 
NEWTON and Mr. MuLLrtR, will, without farther inſtruction, 


readily apply what is here inveſtigated. 
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PART III. 
Of the Crcroin. 


2 8 85 57 neuen Ae 


'PRORLOSETION:. 


Tt is propeſed to find the length of the cycloidal arc Pp, deſerib'd 
by the point P in the circle Pd carried about with the concentric 
circle AB revolving along the immoveable circular arc Bb. 


GRIN, ET C be the center of the concentric circles 
» L © AB, Pd; D that of the arc Bh and, when the 
0 W circle AB touches that arc at B, let P be above 
MN NNMNMN C, and in a right line with B and D. 

In the periphery AB take any point /; and, having drawn 
C/d interſecting the periphery Pd in d, join Bd, Dd. Then, 
the arc By being aſſumed equal to the arc A/, it is evident from 
the generation of the cycloid that, if on the radius Db a tri- 


angle Do be conſtructed whoſe ſides , Dp are reſpectively 


al to Bd, Dd, the angular point y will be in the cycloidal 
curve Pp, and % will be perpendicular to the tangent pg. 
Conſequently, drawing to Dd, Dp, the perpendiculars Be, gr; 
the triangles Bae, par will be ſimilar. 


Let 


PART III. LUCUBRATIONS. =— mk 


Let now ag be drawn perpendicular to PB; and let BD be 
called R; BC (= AC), „ PC, 0; Fg. x; Dp, y; and the 


curve Pp, z. Then will 1 be = = 2p0 — * BR — pu es 
E(=4+H) = — xs, Dr (= R+ Bi) =R+ 
ex. E _ 89 


NTT TZ NTT, and yy = RTV xx. 
Now, by/reaſon of the e {imilarity of the 2 Dag, DBe, 


(S Dd) : V2gr—x (= dg : Be, which laſt 
quantity is therefore = WIERD. And, the triangles Ba, 
par being ſimilar (as obſerved above) Be ( N 

| J 


e 


0 


Hence is found —= © + TEE Kak. which, Eo 
S* — ** 


for yy its value found above, becomes SEL; = r 
K * * ** 


whoſe fluent, or the cycloidal arc Pp, is equal to 2 x — xtr 
Ro: 


into the elliptic arc Pp, whereof the ſemiaxes AC, CP are 
Had and * A 2p reſpectively; CB, to which Bp is at Fig. 5. 


right angles, being = . 


COROL. I. 


The ſemiaxis CP vaniſhing when p and 7 are equal, the el- 


liptic arc Pp then becomes ecomes equal to CB (= x 0 and ty cy- 


+ ; 7 1 L 


cloidal arc = 2 xr. += XX , a fourth proportional to R, 


R + 


32 


MATHEMATICAL 
R -+ 7, and twice the chord Pd (then coincident with the 


chord Af). 


COROL. II. 
If, þ and » being equal, R be infinite; or, which is the 
fame thing, Bb a right line perpendicular to PB ; the term 2 


then vaniſhing, the cycloidal curve will be = 2V/ 2rx — 
twice the chord Pd. 


CORDE. Ml: 
If, R being infinite, p ander be unequal, the length of the 


cycloid will be 2 . into the elliptic arc Ph. 


o® 


It muſt be obſerv'd that, where there are two ſigns prefix d 
to a quantity, the upper or lower one takes place, according 
as the circle AB revolves along the cenvexity or concavity of 
the immoveable arc B5, 
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Of the Car ENARV. 


| TO FO TO FO JO ee POAOTO TO JO TOTO ODOT HTS TOTO TO FOTOTOTD TOTO BODE? 


PROPOSEFTION. 
Suppoſr, 19 ABCDE to be a chain of indefinitely ſmall, equat, 


links ; and fuppojing it to be drawn, by its own Wely ght, over the 
[mall pull es B and D, fixed in the ho- 
r1tontal line BD, with ſuch parts 
(BA, DE) hanging direftly down- 
ward from the pullies, that they reſt 
in emul:brio with the whe part 
(BCD) naturally ſtretebing itſelf into 
à curvilinear form between the pul- A 
lies: It is propoſed to find the nature 

of the curve BCD, and the length thereof ; the whole length of the 
chain being given, and the diſtance BD. 


ONS Being the loweſt point of the curve BCD, - Cm pa- 
© rallel to the horizon will be a tangent to that point. 
ou 


'$ 
4 
4 


And, drawing a tangent pg to any point p in the 

part BC, the part Cp may be conſider d as ſuſtained 

at reſt by theſe three forces: wiz. its own gravity, urging it 
F directly 


5 — =; 
fluents being taken, we have y = Hyp. Log. of a+x+v . x*| 


MATHEMATICAL 


directly downwards ; the tenſion of a particle of the chain at 
C, — | in the direction Cm; ; and the tenſion of a particle at 


P, acting in the direction pg : which three forces (pr being pa- 


rallel, and gr perpendicular to the horizon) will be as gr, pr, 
and pq reſpectively. But the abſciſſa CF, perpendicular to the 
horizon, Vale called x; the ordinate F, parallel to the hori- 
zon, y; and the length of the arc Cp, 2; x, y, and z will 
be reſpectively as gr, pr, and pg. Therefore, ſuppoſing the 
invariable quantity @ to be in the ſame proportion to 2, as the 
tenſion at C to the weight of the part Cp; 2 will be to a, as x 


to y (Vr ); and ax . - : From whence 


* is found — 1 
v a* + 2* 


equation of the fluents, we get x = V E — a; by 
which equation we find s = V/2ax + K*. It follows then 
that V/2ax & will be to 4, as & toy; and therefore this laſt 


x az 


; and from hence, raking the correct 


fluxion will be = —<= 


5 Conſequently, the 


— Hyp. Log. of 4 LESS — lj Thus the nature of the curve 
BCD is found; the parts CB, CD being ſimilar and equal. 


Moreover the weight of the part Cp will be to the Wade 
at h, as x (== 


227 to S; that is, as 2 to a ＋ x. 
Therefore, calling CG, which biſects the horizontal line 
BD, d; and the length of the are BC, 5; f will be to a+d 
as the weight of the part BC to the tenfion at B : which ten- 
fion being equal to the weight of the part AB, and the weights 
of any two parts of the chain being as their lengths ; it fol- 
lows that a + d will be equal to the length of the part A8 — 
DE. Therefore 2a + 5 2s will oo” equal to the whole 
length of the chain. Let that length be called L; the diſtance 
BD, 2D; and let N be the number whoſe hyperbolic lo- 
garichm is 1. Then, by the nature of the curve, @ ＋ 4 mY 
e 


Par IV. LUCUBRATIONS. 


8 D D 


be = N* + * * 25 nd = Nm N * * 2. Therefore 


D 
2aN © will be = L: Hence, D and L being given, @ may be 
found; and conſequently d and s, by the two preceding equa- 


tions. 


COROLLARTY.: 
It is manifeſt that BC can never be leſs than BG therefore, 


D D 


how great ſoever a may be, N N- * 2 (the value of 5s) 


can never be leſs than D. 
Conſequently (the Hyp. Log. of n being = D when u is 


ſuppos d = N.) how great ſoever a may be, n* — —X4 
can never be leſs than theyHyp. Log. of u, n being any poſitive 
number whatever. | 


The intelligent Reader will obſerve, that this concluſion will 
be of uſe in determining the aſymptotes of certain curves. 


SCHOLIUM. 
D being given and @ ſuppos'd variable, the fluxion of 
D D 2 
N“ is N — 2; which fluxion will be = o, when its 
fluent is a minimum; in which circumſtance it appears that 4 


is = D. Therefore, ſubſtituting D for à in the value of L, it 


appears that the length of the ſhorteſt chain which can poſſibly 
reſt ſuſpended in the manner above deſcrib'd is 2ND. It like- 


wiſe appears, by making the ſame ſubſtitution in the values of 
42 ＋·d and , that a chain of that length being ſuſpended in that 


manner, AB (= DE) will be equal to N + = - ; the arc 
# F- 2 BC- 


35 


— 


- — ——KK— ů — 2 —_— CE IS 
* 2 I 


— , 
. 4 


— 


— — — — = — 


UDP RE y 


_ — \ 
. 4 == v4 — — * 
— * 11 = 9 — K * 


— — 


MATHEMATICAL f 
BC. (= DC) equal to N- * 25 and CG (in this caſe 
AB — BG) equal woN + * 2—D. 


D 


Since aN* is a minimum when equal to ND, it is ob- 
vious that, L being greater than 2ND, a, in the equation 


a” SL, will have two real and poſitive values, one leſs, 
and the other greater than D; and conſequently the chain 
will then reſt in two different poſitions on the pullies. 
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PF. 


The IN VESTIOGATION of a TREOREM relating to the 
CiRCLE, by means whereof the Suus of a great 
number of IN EINITE SERIES are computed. 


CCC 
LEMMA. 
1. BE IE roots of the equation x Ax + BX 


8 T 8 + Cx *(n+1)=0, (when 7 is a politive In- 
=, teger) being denoted hy a, &, c, d, (u); 


if S be wrote for a ＋ ed e (n), 


For 


8 for a +&+c+d*+e (u), 

8 for a3+634+3+d3+6e (n), 
"Ofc. Ec. 

S will be = — A, 

8 = — 2B — A8, 

$0 Om ge Bon AS, 

S = —4D—CS—BS—AS, 

S = — 5E—DS—CS—BS—AS, 

&c. Sc. 
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For x—aXx—bXx—cXxx—d (n) being = * Ax 


+ By + Cx * (n +1), the Log. TIS of x—b 
+ Log. of x—c (n) will be Log. ofs + Ax + B (14.1), 


3 1-2 1-4 
x 1-1. Ax 41-2. fir 3: Cx 9. 
and - Lage + 5 : 
as appears by taking the fluxions of the preceding equation. 


— —————— — — 


N 45 "+-Ce- (n+1) 


a u_ 


Now it —— by 1 at. 
——_— ==+= + 1 2 Sc. 


— 1 4 K — - p - <=S = wm = * = * 
. 2A ˙äÄm ⅛²—oͤ.“n. TEC EE — 


* 
—— 
— 


— — oro — — 


| 1 55 
| = =7+>+x+- *% 
; I Ip: c . 
x —c rr Sc. 
| (n) 6% 
i! 
| . "> 1 5 therefore that 
15 8 er — e eee 
I: + n—1.Asx +n—2. Be. (ON 
br = IT. HY. x3 ＋ 7 ” Se. i 18 = ” n—] 
0 x + Ax  +Bx © in +1) 
U and 
lf r 3» Cx — De (5 
| | 1 ys * 4 2 4 "IS * —5 2 
i! nAx"" 4 As- 4 1 Adr Oc. o. 
i! Pm n— 11 New 
Br *+ BSx * BGE & 
i! | | C C 55 
. Whence it is evident that the values of 5, 8 Sc. are 
| | as above expreſs d. 


PROPOSI- 


Part V. LUCUBRATIONS, 


PROPOSITION. 
2. It ts propoſed to 2 org x, in terms of 2, 
from the equation — 2 S + where 111 : 
v a* — 4 


2 is the fluxion of the Archer arc bm, - B 
whoſe radius is 4; and x = mn, the ſine of 
the arc Am. ; 


Squaring both ſides of the given equation, and multiplying 


by 2 = , we have = = 4 — x*; of which taking the fluxi- 


ons, ſuppoſing 2 invariable, we get 


K p. 2. — 172 2+ — Ce. 


6d, the ſine of the arc Ah, being ſuppos d ; and 
x —=b+pz + gz* + r23-þ 52+ c. 
Therefore = will be = — bz— p. re Ge. 


- waxy Via 
of which (= being =+ — c, when 2 is =0) the cor- 
rect equation of the faents is 


a*x 


—=AC— bY — ft — — C 


Therefore x will be Sc -x fark 1＋ 4 22 : + _ Sc. 
and, again taking the correct denen 


„ N 7 
ee by comparing the two values of x, it appears 


TY 


2a Z. 3% 2.38 3.4% 2.3.4 
ay C — F ms. F — k 
4.54 2.3.4.5 5.0a* 2.3.4. 5. bas — 7a 
—— &c 
2.3.4.5. 6. 746 7 | 
bz? cz bz* cx 
„e 245 2. 3a* r OTE Sc 
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COROL. I. . 
„ 3&7 De = 15 b 1 be == o, and 
5 
3 BER - 
eons +; 7 eee 


where 2 1s WY ARE whoſe Sine! is x. 


ORO L. II. 


4. If e be = , 6 will be = +@: Suppoſing 5 = a, 


x vill be = 4 2 Le —— = T G. 
where Z is the Arc whoſe Coſine is x. 


COROL..- III. 


b bz* C25 
When ais I, xis 2 — 2 — —&c. 
3: eee 


Suppoſe x , then will that ſeries 55 o; and, the fame 
being divided by bz”, we have 
N I — —7*— + — . — +&c.=0; 


— 1— 2 5 —3 


which, by writing y for - —, becomes 


2 1 — 2 — 1—4 28 
“GAS 85 2 — Ec. . 
1 b 2 IST 3.4.50 Ce. = 


Nov y being the higheſt power of y in that equation, and 


Unity its coefficient ; if we put S for the ſum of all the values 
of y, whoſe number (the equation conſiſting of an infinite 


number of terms) will be infinite; S for the ſum of the 


quares of theſe values; S for the ſum of their cubes; &c. 


we ſhall, according to our lemma (A being S _ =—= 
2 = OR : — _ SET: DITA . 
| — $i dp D 2. 4:6 E 2.7: 4.50 Se.) have ; 


Par V. LUCUBRATIONS. = 


S (=—A) =—=<, 
5 (= — 2B — AS) = = 
8 (= — 3C— B38 — As) =—<; 
S(= — 4D— CS — BS — AS) „ 


S (= — 5E—DS—CS—BS — AS) = — £ +—; 
Sc. Fe. 


6. Suppoſing b—=1 (= 4), cis So; and the values of =, 
when x is So, are 
Q, 3Q, 5Q, 7Q, Ce. 
—_— WW = AL =, — 7 Sc. 
Q being put for of the periphery of the circle whoſe radius 


51. 


Therefore the values of J are then 
I I 1 


f 5 . c. 
2 32 5Q 0 whoſe ſum is = 9. 


N Sc 


The ſquares of thoſe values are 


BE. I 1 1 Se 

29 16325 AN 227717 1 
＋ 3 8 7 5 {nk un 
Q*? FR? $f 42727 5 7 75 


——_— „ 
SE ET Nags 2: 
Conſequently 1 + +5 * Sc. is = K. 

The cubes of thoſe des of 3 are 


1 1 1 

Fork; 757% E339 73 39 S C. 

= 3'T 2 oy. FE whoſe ſum is = 0. 
T FE FE 7 


G The 


15 
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The fourth powers of _ values of y are 


E Se 

> * Bk FE 8 whoſe ſum is 

J FE J 
2 5 2 2 1774 1 2 1 
„„ —=S — —— 2222: 
EN ee ) * 3 


4 


Conſequently 1 + — 5+ 5 += Ec. is = =, 


In hs _ manner _ = = of the ſeries 
1 +— 75 ＋ * += Sc. be found, » being any poſitive In- 


teger ohne: 


7. If (e being =1) & be N c will be = NV: 
Suppoſing c =— V, the values of 2, when x is = 0, are 
„ͤßͤ⁊ „ 


— 30, — 7b, — 11%, &c. h being written for = 
Therefore the values of y are then 


— 3x — &c. whoſe ſum 

h N 

1 1 r 

5 I” j ＋ Sc. (SS) is -!: 
8 1— - + 2 * 5 ＋ &. 3 


The ſum of the ſquares of the values of y is 
I I I I Fs 
75 ＋ A _ ig ＋ 7 Sc. 80 = 7* = 2 
Conſequently 1 += +7 +3 Sc. is = = 26 7 as above. 


The ſum of the [Fc $f 2 values of y is 
| + . (= 8) =— A 2: 


1 1 1 
5 37 T 5% OE = 
Conſequently 1 — 7 + 7 — 7 + Sc. is = 25365. 
The 


2 


Parr Vo LUCUBRATIONS. 
The ſum of the fourth powers of the values of y is 


= + =- T = FLEA 77 Fc. (= 8) = r = 


8 1 += = +ta+; 5 IE: 2s x * = =, as be- 


fore found. 
The ſum of the fifth powers of the values of y is 

I I I I 1 3 

F E 1 

Conſequently 1 — +7 — = * Sc. is = 12, 


In like . may be found, Got only the ſum of the 


ſeries 1 + — +— + — &c. u being any poſitive Integer ; 
3 5 7 


but likewiſe the ſum of the ſeries 1 — += + Ce. 
; 3 5 
m being any poſitive odd number. 


8. By means of the concluſions in the preceding Art. we 


readily find 

h 
rug. 75 er 

h* h 
+= 4 Le Ty e 

hz 30 35 


eee 137 500 Sc. ö 
7 N * n + 7 Fo ö 22 
E 
I F or Fo et has 48 24 ＋— 64 2 
And after the ſame manner may we find the ſum of the ſe- 
. — &c. u being any poſitive In- 


J 
teger whatever. | 
9. In general, writing a for the Arc Ab, and ra for the Se- 
micircumference A4B, the values of 2, when x is = 9, are 
ra—a, 2ra—a zra—a, 4rAa—4, Ce. 
—a, —ra—a, —zra—a, — zra—a, —-4ra—a, Gc. 


G 2 Therefore 
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Therefore the values of y are then 


I I I I Ge 
a. —1“ a. 21 — 1“ a. 3 — 1“ 4. 47—1 8 
Sc. 


2 


a a. i' 4. ar +1 2,3 +, a.q+r 
the ſquares of theſe values 


I I I I | 
20 23 29 23 Tc 
25 ar — 1 42. 2 —1 41. z — 1 4471 —1 
I I I I 
az ? 25 7 2? 2? Sc. 
2 


I 1 1 1 
23 © WP ts 33 17 Se. 
ab. 1—1 43. 22 —1 23. Jr —I 23. 471—1 
—1 —!1 — 7 —1 — 1 
13 37 35 39 3? Sc. 


a. 1 +1 a'. 2 +1 a. 3r +1 a, ar x 


. —1 1 —1 
Conſequently, adding ar +l to O 4. 271 e T> Sc. 
I 
to T to „Ec. 


we have 
—1 N | 23a 3 
a . FI. - 1 a 2-4 1.271 . Sc. (= 9) ==7 


A 
a“. 771. 1 4. 2771. 21-1 Af, 31 1. 311 


22*; 3 — 2a. 3 x 41r*+1 24%. 3 I 444 | 
- Sb | 3 +< 3 — c. . (SS =- 


9 24. ar 2, * 
.= 


1 3 
—— — 


Trl 35 a®, 27 41+» 27—] a®, PIT = 


Therefore 
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Therefore 
1 4 T ar 
1 5 + Sc. . 3 
41-1 * 2r+1.27r—1 37 ＋1.37—1 2 
+1 4 gf +1... 3 a* 
LETS ee on $2 ; Sc. e The ae” > 


7+ 1-7 —1 2r +1 2r—I | 3r+1- 3—1 
3* +1 3x4* +1, 3X0" I er.. 
3 3 1 3 3 ＋ 2 3 3 Sc '2 273 


„I. 1 2741 · z—1 3771 ·3—1 
Hence 
a ac a* 


2 
— !iö¶eſ—— 


2 
741. 71 TAI. 71 541. 7-1 
f ac a* ar 


I 4 9 1 6 
F mor + mg. 


741. r—I 2741. 21—1 37 +1+ 37-1 


T J - W 46 
— a : R Se "RF" * 


PAI 71 27.+I +271 3741 JO 
1 Zac Za ac * 


1 1 1 BR | ac 
DF en —— =; 6 F * TH” Ro 5s 
Fl 7—1 TI 27—1 Zr+1 + 37-1 | 


An example or two will explain the manner of computing 
by theſe theorems. 
| 2 


ExAMP, I. If (a being = 1) r be equal to 2, 7 2, or 75 


Sc. a will be equal to Q, 30, 5Q, or 7Q, &c. reſpectively; 


t, unde 0. 


Taking 7 2, we have, by ſubſtituting properly in the 
three equations mark'd with the aſteriſk (*), 


I I I I I 
ates oe as bb ie be nie We: 1 
123 T 3-3 a. $+7 + 7.9 | 2 
1 | ; 2 
r T T & ==; + 
4 
2 


l 


» 


r 1 BT * 
1 1 I 1 30 
17.3 T 35.59 T * T 795 * ä 


|! 


Ex AM. 
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Ex AMr. II. Taking r = =» we get, by 2 like ſubſtitution, 


* 2 R ICT at ns 0 my 2 
2 e, 1 
7. pF nn a+ 3 +55 8 RS 2k 
.- FRO 
N r 1s = 2 7 * ; 
ar Lr php te -F IT 
ee 


10. Taking, in Cor. 1. a=1 and æ e, and dividing by 


11 ＋ 1 
3 „ we have 
I I I I 
rh” Eo 1—2 + — 4 wg IT Sc. _— 
2 2.3% 2.3.4.5 2.3.4.5. 6.72 
and, ſubſtituting, in this equation, y for =, as before, we get 
| 5 "ia oo Fong 
— — — Sc. =0; 
3 1 2.3 T 5.0 7 TT f 
where the values of y are 
1 1 1 1 
N 
— — — 
| * 5d. W. 


ö Conſequently, taking the ſums of the ſquares, fourth powers, 
jt Sc. of theſe values; we may, by means of our lemma, 


I obtain the ſums of the ſeries 1 ＋ —— * 2 = = Sc. 


1 + — — ++ = + = * c. &c. which the 15 celebrated, Mr. 


Joun 1 has computed, by much the ſame means, 
in the fourth Vol. of * Works. 
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FAN IT VI. 


The Doctrine of Fluxions apply'd to the finding the 
Roors of ſome adfected Equations. 


8 B55 8 8 55 B 5 B B W B D B B B E . 2 28 85 


PROPOSITION. 
De relation of x, the abſciſſa, to y, the ordinate of a curve, be- 
ing expreſs d by the equation x* A ax*-|- y, where a and 6 
denote invariable quantities poſitive or negative; it is profeſed to 
find a value of x correſponding to a given value of y. 


COW SARI NG the fluxions on both ſides of the given 
* T % equation, we have 3x*x + 2axx + bx = A- 
gain taking the fluxions, ſuppoſing x invariable, 
we get 6xx*J- 2ax*=j ; and, repeating the fame 
operation, 6x3 is found =j. The laſt equation 
being multiply'd by 25, we have 12x3j — 25j; from whence, 
by taking the fluents, we get 12K . But whenx is o, 
is = bx, and 5 = 2ax* ; therefore the correct equation of 
the fluents is 12* x y — bx = JAN: 
Hence we have 12 x ja*x — bx = ,; and writing m7 


4* TY 3 
for 58 I2] Xx = — 


v mx + = 


Multi- 


MATHEMATICAL 


＋ 4 8 
Multiplying the laſt equation by % , we have T; xj = 2 ; 


from whence, by taking the fluents again, we find 27 * x 7 


= Vmx + jy xy — 2mx. But 5 being = bx, and y Do, 
when x is s; theſe fluents corrected give 


I 


27, K — Vmx + y xy — 2mx — V mx + bx x OX — amt. 
Conſequently (- 7 GE being = 35 and b— 2m —= 3þ— 22 


J WII 2 

2 x36 — + 7 NE or its Equal 3 x — D* 
4 24 

3 = mx -* - 2mx; and, writing „ Th and 


3 both hides, it appears that 27 x 2 2ny + ** X * is 
= 4mx3 — qgmxy + 3. 

But, 5 being = 3 K * 2axx ＋ bx, y3 is equal to 
zx * + 2axx = bx x , and conſequently 


g ** —E=+ wy +5 X x = —m+ Etc xy 


It now for 2 — (= 4b — £] We Write p,, 1 = WE 4m" 
3 3 3 27 


will be expreſs'd by -£, and 9 * 5 + 2ny + * X x will 


be = + ZE + x x 75 
Whence 


* 


Ar A Fr Jeu 
Taking the fluents a third time, we get 


Log. of /p+E + & 4 2 1 ＋ * 2 
L I Fey + 49. 


But, 
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But, x being o, when q is = o, the equation of the 
fluents corrected is 


Lor of LEA +x*+ 1 INN uu 
88 7 TPM 1 o+ 
1 2 24 1 * n ee 
Conſequently YL + 4ax + x +3 +*;,,.. 13" CIs 55 ＋ =, 
| P + 34 * 
and Vp + tax TX Ta + x = — * 


V Fa 7 = = N +210+) +1+) 


Hence, at length, we find 
THEOREM I. 
* N Ta +:xn +) ++ 


7 — 463 42 
7 — 16. 


VNL AT) 


But it is plain we cannot compute x by this theorem alone, 
when „ + 2 + y is a negative quantity; and that (it is 
ealy to prove) will always be the caſe when the three values 
of x correſponding to a given value of y are all real: Therefore 
we will endeavour to ſupply that defect by a ſecond theorem 
ſuitable to that caſe. 


— 


* When y is o, x is not only = 0, but likewiſe = — — 7 — — 
which we will call c. Therefore, correcting ESSE Mg 3 
Log. 18 ren found = 3 x Log. of — K +2, 
Pr Jac + +14 + 3 7% + n 
Hence, taking c = — 1a + St b and — 44 — 72 ſucceſ- 
lively, the other two values of x may % found, 


H | To 


49 


50 


MATHEMATICAL 
To that end * both ſides of the laſt fluxionary equation be 
multiply'd by TED and then it will ſtand 


x _— | — 2 


— 


— þ* — 34* — K* r mtg —y 


Of which taking the fluents, we have (after ring them) 


+ © x Circ. arc whoſe ſine is ;- IF ————, 
Circ. arc whoſe fine — pk fg 


2 — x =4 + Circ. are whoſe ſine is . of 
* | ge Wh * 


cms 5 a — —— 5 
x Circ. arc whoſe fine 1s N Toy 


14 


> 


or, the fine of three times the Circ. arc whoſe fine is _— 
5 — 


— 1 


* 
9 


being 7 
N 


- x Circ. arc whoſe ſine is 8 4 | 
Circ. arc whoſe _ n'— bp" 


4a + x _ —4 + x Circ. arc whoſe fine is - 3 

LS - Mm 1þ*þ* 

2 — p* 5 

— © y; Circ. arc whoſe fine is 2 

3 57%. be 
But the difference between the Circ. arc whoſe ſine is 
— and the Circ. arc whoſe ſine is is 180% 

Vn 5597 * 5p V 5b p 


180% 3609, or 180 2 x 360?, &c. and one third of that 
difference 60®, 180% or 300% Ec. 

Conſequently, let D denote which you pleaſe of theſe quan- 
tities, viz. an arc of 60, an arc of 180%, an arc of 300%, &c. 


— an arc of 60%, — an arc of 180%, — an arc of 300?, &c. if 
one third of the arc whoſe fine is 75 Br 177 — be called A, and 


s be the fine of A D, we ſhall have 


THEOREM II. 
x =SV/ ta - — 4 


By which theorem we may always compute x, when a com- 


putation by the preceding one alone is impracticable. 
It 
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It muſt be remember d that the radius of all the arcs above- 


mentioned 1s ſuppos'd to be unity. 
EXAMPLE I. 


Suppoſe x — 3x*— 10x = — 24, and let it be requir'd to 


To ſhew the manner of computing by this theorem 


proper to add a few examples. | * 


0 find x. 
 Hereais=—3, b—=— 10, and y=— 24; therefore 
n (= ab — ) is = 12, þ (=46 — a) = — 22, 
n 4-y=—12, Vn - . = 18.041105, and == 


(the fine of three times the arc A) = — .665147. 
Now .665147 being the ſine of 41% 41' 36”, * — .665147 
is the fine of — 4141“ 36". Therefore — 13® 63“ 52“ is 


= A, 
— 13 5352“ + 60* 246 68“. 
AT D — 13 53“ 52“ ＋ 180 = 166* 6“ 8”. 
— 13? 53“ 52” + 300% = 286* 6' 8”. + 


and s equal to .720577, .24019, and — . 960768. 

Theſe values of 5 being found, if each of them be multi- 
ply'd by 4.163333 (SY -p), and 1 (= — a) be added 
to cach of the products, we ſhall have 4.000002003141, 
1.99999095327, and — 2.999997119744 for the three values 


VA 
— 


* As . 665 147 is the fine, not only of 41% 41“ 36”, but likewiſe of 1800 
— 41 41' 36“, 360% + 41 41“ 39”, Sc. fo is — . 665147 the fine, not 
only of — 41 41” 36“, but likewiſe of — 180 + 41 41' 36”, — 360? 
— 41% 41' 36”, Sc. and A will nave other values beſides — 13 53 52”; 
but it is unneceſſary, in computuig the required roots, to take any notice of 
more than one value of A; becauſe, whichever of its values we take, that 
one is ſufficient (by procegding as in this example) for finding all the three 
values of x, 


+ It is not requiſite tit regard be had to any other of the values of D be- 
fides the three here made uſe of; theſe being ſufficient (with any one of the 
values of A) for deterrining all the three roots of the propoſed equation. 
Which roots may alſo be determin q by taking any one of the values of D 
with any three ſucceſlive values of A. 

| H 2 of 


—— 
= 
— — —ͤy— — — — 


— — 2 — - 


4 ur. , PR” 
£ 15 —_— — < 
——— — — — — —— —2 — 


22 — 
* — * a 
4 ee — — — * 
— —ũ——ũ—— — — 
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of x in the propoſed equation ; which are very near the truth, 
the true roots being 4, 2, and — 3. 


EXAMPLE II. 
Let x3 — 6x' + 11x = 6 be given, to find x. 


Here a is =—6, b—11, and y=6; therefore 7 is =— 6, 
fr, (the fine of 3A) =o. 


pp =, n+y =, and 7 
Therefore, A being = o, 
609. 
* 1808. 
| 3009. = 
and the three values of s are V, o, and — VERSE 
Each of theſe values being multiply'd by , (= V = 
the three products are 1, o, and — 1; to each of which add- 
ing 2 (= a4) we have 3, 2, and 1 for the three values of 
x in the given equation, which are all exactly true. 


EXAMPLE III. 
Supe it requir'd to find the values of x in this equation 


x3 — * = — 6. 


Here à is =0, = —7, and y =— 6; therefore 7 is 
So, P' -, n+y=—6, Vn — . 1284 509, 
and 75 — = 841697, which is the ſine of — 57 19 
12" = 3A. Therefore A is = — 10 6' 24”, 

40® 53' 36. 
A＋ D 0 16059 53' 36". 
280® 53' 30". 
and 5s = .654653, .327327, and — .981981. 

Conſequently, multiplying each of theſe values of s by 
3-0550504 (= VV {a —þp) we have (— 34 being = o) 
1.9999979095112, 1.0000004822808, and — 3.00000144684. 24 


for the required values of x; which differ not much from the 
truth, the true roots being 2, 1, and — 3. 


EXAMPLE 
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EXAMPLE IV. 
Let it be propoſed to find the values of x in the equation 
* -1- lx = goo. 
Here @ is = 19, þ = ©, and y = goo; therefore 7 is 
— 7, þ* 1 5 ==, Va", — 5 5 


n + 
ad 25 == 771395, which is the fine of 50 


. 


280 45 = 3A. Therefore A is = 16” 49 7, 
70" 49 35 
a+D=| 190 49 35 
310? 49 35" 
and the values of s are .973634, —. 239473, and — 654211 . 
Each of which v. values being multiply d by = (V - 
and 6.333333 a) taken from each of the products, we 
have 5.999997, — 9 999991, and — 15.000006 for the three 
values of x in the given equation; whereof the true roots are 
6, — 10, and — 15. 


SCHOLIA. 


1. It may not be amiſs to ſhew here, how, by means of our 
ſecond theorem, the cube root of 4 + e e (e being any po- 


ſitive number, and 4 either poſitive or negative) may be ex- 
tracted ; by which means a computation by our firſt theorem 
is render d practicable in every caſe. 

The root will conſiſt of a real number and an imaginary 
one. Suppoſe the real part of the root to be v; the imaginary 
part, & wo then the cube of their ſum will be v3 + 3 70 + 
u- + Tos; of which the part v3 + 3v30* will be real, and the 
part + 3v*wo + 403 imaginary. Conſequently v3 -}- 30w* will 


be = d, and 3v*w + w3 = — e- 
By the firſt of theſe equations it appears that 203 is equal to 


5 — = and by the ſecond that wi is = vV/ — e — 3vw; 


therefore 
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, 
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— 
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UW 350 —7 
F w = N, 
and w* K the value of found 


by the firſt equãtion. 


Hence v — = o, 


34.6 154" - + 27%, 3 43 
4 64 6 

where v3 will have three real values, which may be found by 
our ſecond , theorem; and, by extracting the cube root of 
each of them, the Aue real values of v will be obtain'd ; which 
being known, the correſpondent values of a will be known 
by what is done above. 


2. The biquadratic equation 2 f2* + gz == r being pro- 
pos d, to find the values of z- | 
Suppoſe 2* T 2x*2=w; 


then will 2* be = + 2x*3 + , and z* — w = + 2x*z; 

whence, ſquaring both ſides, we have z2+— 2w2* +w* = 4x27, 
therefore 2+ will be = 2w + 4x Xx — w*; which being 
ſubſtituted for 24 in the propoſed equation, we get 


Pa AN XK + 93 =r + w*; and hence, by ſubſtitut- 


ing for 2 its value + 2x*2 + , we find 


q + 2px* + aur + Bx* X 2 r pro — 4x — 10 


If now w* + 4wx y be ſuppos'd =, 2þ + 4% + 8x x ** 


will be = F 9, and w == 4 — 2x — £. 
4x* l 
Conſequently it appears, from the two equations 2*— 2* 2 
A z - , and 2˙ ＋ 2x * 2 —2, that 
＋ 2 1 
= 4 5 
the four values of 2 are x* 4 = 8 3 — 25 


— * 
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. 
4x,” . * 
Moreover, ſquaring both ſides of the equation 


2þ + 4w + && X x* = F 9, it appears that 

64x3 ＋ 32px + 4þ x ＋ 16 x w ＋ qwx + pw X x = 

64x3 + 32px* + 4þ* + 16 Xx x is =q.. 

Whence . x may be found by our firſt, or ſecond theorem; 
and then the values of 2 may be computed with little trouble. 

And, ſince the ſecond term of any biquadratic equation 
may, when found therein, be eaſily taken away, by augment- 
ing or diminiſhing its roots, as the caſe requires; we from 
hence derive a general method of ſolving any equation what- 
ever of that degree, 


. If . = be = . 5 

if _IVf+ 2 + x : n 

nx X q + 2gy+y will b=y xp + 2X 
of which taking the fluxions (ſuppoſing x invariable) and divid- 
ing by 2, we have gu x + rx'y=jxp +2fx + x + fxy + xxy. 

If now we aſſume y — x + Ax + Bx3 Cx. Sc. (ſup- 
poſing that, when x is = o, y is o) we ſhall, by tranſpoſi- 
tion, ſubſtitution, and diviſion, have 


+ Z+{+% +2 —g& 
2% A+ 2. 35 Bx + 3. 4 Cx + 4. 5. Dx Sc. 
* —+2.2fAx T2. 2. 35 Bx ＋ 2.3. 47 Cx &c. 
A fa afB+S 4 rs E. 


WY 
r 8. * ＋ 1. 2A& + 2. 3Bx Sc. 0 
22 x + 2Ax* + 3Bx3 Cc. 
3 1 — 1 Ax — N Bx3 Ec. 
L — mn 


Wikace 
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or =. 


5 2 
— 
— — 


— 


— = * = 
— 5 = % 
—_ * 1 _ 
* — — — — = 
# — 4 _ 2 = — m 
1 — — 3 — 3 - —  Þ-- — * v4 4 * 
1 — _ * 2 — — . > —— * — — 
4 . — — — — * rn ” s * = I 2 * — = * 0 
— — — — — — — — "ONE" = — —— ps 1 * - 2 — + = 
1 — — _- — — — — - — * 
» * - _ — A * * 0 -_— _ _—_— 
n - » _— —_ — - "mays —— 
— - — 
— = — 
_ 4 _ — 


— ww 
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Whence A = 1 N x A, B _ x 4 — , 
. F 
c === P- 7e e. 
3 - 4þ* 45 4.5 50 


Now it is obvious that if f, g, p, q be ſuch that any one 
of the coefficients A, B, C, D, Sc. vaniſhes; all the coeffi- 
cients of the ſucceeding terms (in the value of y) will likewiſe 
vaniſh, if be equal to the exponent of x in the term pre- 
ceding the firſt Which vaniſhes. 


Hence then we may derive a method of ſolving, not only 
any adfected cubic equation, but likewiſe an adfected equation 
of any power whatever ; provided the coefficients of its terms 


have ſuch a relation that V. g, P, q can be determin'd there- 


from by means of the equations laſt-written. For then, be- 


ing the exponent of the higheſt power of x in the equation, 
x (a root of that equation) will be found by taking the flu- 


x —j 
NT + f T 29 + 


I 
8 = 


ents of the equation or 


NR. = — =, and proceeding as we have 
VV —p*—2fx— x* Py SER 7 — 2gy —5 P 8 


done in the particular caſe where ꝝ is = 3. 


A SE RS Jo 
Se 
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PART VII. 


Sundry Taxrortms of Uſe in the Doctrine of 
FLUxX10Ns. 


TOTO FSPOISISTOLOIS TODODS IO IO TOTO LO TOLOTS TOTO TOTS POTS TOPS TS TT | 


F. I. An InvesTIGaTION of ſome ThrortMs which 
ſuggeſt ſome remarkable ProrErT1ES of the 
CirCLE, and are of Uſe in reſolving Fractions, | 
whoſe denominators are certain Multinonuals, 
into more ſimple ones. 


I. 
—_ UPPOSING == = 2, where and 5 


„ * hs 


* 4 a 
Fer the * ons of the variable quantities x and 


Bo y reſpeetrvely, and a and n invariable quantities; 
MOOR it is propos d to find, in terms of y and x, the equa- 
tion of which x is a root, and 2*þ+x* (=0) a diviſor. 


Subſtituting for x* and & their values — and 5 —1 —1, 
found by the equation & + x*—0; and writing — v* and 
vV/ for y* and y, our given fluxionary equation becomes 
aa 227 —1 2 av —1 N 

* , 2 


1 | Therefore 


* v — - 
” — — — ww — Eäß — © ooo 
k . 3 2 
2 2 
» wv * - — — = 
« 
. — . — — 5 
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- will be = 


Therefore — 
of the fluents is 
2 x Hyp. Log. of **= — Hyp. Log. = 


4 — Z a — 


2 (or x) being ſuppos d = o when v (or y) is = 


: 3 of which the equation 


— 


a+z. a TY +200 + __O +200 —5, 
Therefore Folge = ng” FT hoo er” FP wv" ra. 


6— Z 
* 
4 ＋ 2 3 
22 27 and, ſquaring boch ſides, 
(I = 
2" 3 2 
24.5 Tc 6 
ET Deron wo ng Wa - + 8 22 N 
9 2 T. CT 
Whence, by adding to each fide, and multiplying 
1 
by a — de we 
* n 27 
— * — — — — 
; N 
or, writing & for . 5 
2 * * 


42 ＋ 2 — RXa+2Xa—2+@—Z=0; 
which, ſuppoſing a poſitive integer, is the equation ſought. 
Now it is obvious, 7 being ſuch an integer, that this equa- 


tion will have as many diviſors of the form 2*+ x* as there 


are values of x correſponding to a given value of y: Which 
values of x, when y is not an imaginary quantity, that is, when 
& is not greater than 1 nor leſs than — 1, will be obtain'd in 
this manner. 

The fluents of the given fluxionary equation being taken, 
we have 


Circ. Arc. Rad. a. Tang. x —= — x Circ. Arc. Rad. 4. Tang. y; 


x and y vaniſhing together, agrecable to the ſuppoſition we made 


above. 


Therefore, 
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Therefore, if A be put for the leaſt arc whoſe tangent is 5, 


and 8 for the ſemicircumference, radius being 4; y being the 
tangent of A, A+S, A 28, A 38, Cc. x will be the 


S A+28 A+3S A —1XS 
tangent of =, TS ED, —. „Sc. (to —— — . 


Conſequently, expreſſing the ket tangents, or 
the ſeveral values of 5 by „ k, 6; 0 &c. reſpectively; 


I X 42 —2 e be = 2 T 2þ x 
2 +b'x3 +c x2 Sc. when 7 is a politive integer 
(a8 we ſhall always ſuppoſe it to be) let z be what it will. 


The upper or lower of the two ſigns prefix'd to & takes place, 
according as „ is an even or an odd number; the coefficient 


of the higheſt power of 2 in the value of the expreſſion 


Fs — 2h X a+2 X 4 — 2 + FT obtain'd by expand- 


ing a + 2, a—2, and a'—2 (== . . * ee be- 
ing 2 — 2& when 7 is an even number, and 2 + 2+ when 
„ is an odd number. 

It is obſervable, that if & be the coſine of any number of 
degrees, radius being 1; y will be the tangent of half ſo many 
degrees, radius being 4. 


2. 
If & be = 1; then, A being =0; 6, c, d, &c. will be 


the tangents of the arcs 2, 2 e (to 
— n n n 


Therefore b will be = 09: And, if be an even number, one 
of * tangents c, d, e, &c. will be infinite, one of the arcs 


ponent is 27 then vaniſhing out of the ralue of the expreſſion 


TS s * 2 — 8 + a=, obtain'd by expand- 


2 


ing 2 T, 4 — 2, and 2 — , as before-mention'd ; and 


— à being the coefficient of the higheſt power of ; which 
1 2 does 


\ 


n 0 reſpectively: 


TJ „ce. being then — E, But the Power of Z whoſe ex- 
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does not vaniſh, in that value; we have, in that caſe, ex- 


cluding the factor 2 + $9. of the T, ang. of go®, 


ae * 2 ＋ * 
Z TI K Te &c. 
If } be = 1, ande an odd number, we ſhall have 


60 


An n n 2" 
a +FZ2—2X4FZX@4—2 + 4—3 = 42* Xx 2 ＋ C x 
2 TA * Te Cc. | 


> 3. 
By taking the ſquare root of a + z—2xa+2xa—z + 


2—2, and of its two values juſt now found; we have, when 
7 1s an even number, : 


4 ＋ 2 — 4 — 2 t ⁊2na K NV NV Ad x V23*+e &c. 
excluding the infinite quantity V ＋ Sg. of the Tang. of 991 


and, when N i an odd number, 


42 ＋ 2 3 = 22 X V CNN dx V Te Ec. 
From whence this conſtruction is inferred. 


Fig: I. Deſcribe, about the center C, with the radius a, the circle 
2. 


#44 


PAAA &c. draw the diameter PCQ _, and the tangent BPB; 
divide the ſemicircumference PAQ into as many equal parts 


44 418 


PA, AA, AA, Gc. as there are units in the integer ; draw 
the ſecants CAB, CAB, CAB, Sc. and, taking, in CP, any 
point O, join BO, BO, BO, &c. and call OP, 2. 


„ Then will BP be = c, BP = d, BP = e, Ge. and BO 


Vice, BO = Te. BO = Vr Pe, &c. Con- 
ſequently, 
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ſequently, CP+ OP — Co“ being = a+2s — 4 — 2, and 


nx PQx PO x BOx BOx BO &c. = 2naz x N + x 
WA S TA Vz +e Sc. when is an even number; 


CP+OP—CO" will then be =»xPQxPOx BOX BOx BO&c. 


excluding the infinite quantity BO. 
But if be an odd number, 


CP-FOP — CO" will be = 2 x PO x BO * BO * BO & 


J* ; 
It is evident that, of the factors BO, BO, BO, Sc. the firſt 
and laſt, the ſecond and laſt but one, &c. are reſpectively equal 


to each other. Therefore, excluding the ſquares of the factors 
below CP, and the ſquares of their values, 


CP OP — CO" is= POR POx BO* x BO* x BO* &c. and 


8 +23 —a—Z3 z==2nazX2 + x2 +4 x23 +Þ+e Cc. 
when z is an even number; or 


CP+ OP — CO" is = 2 x PO x BO* x BO' x BO* Sc. and 


a ＋ 2 — 2— 2 2 == 22 x2 +c x2 +d x2 Te &c. 
when x is an odd number. 


6. 


Suppoſe O to coincide with C; then CO being Se, and 


1 


1—2 


, if u be an even number, will be 


— BC* x BC* x BC* &c. the continual product of the ſquares 
of the ſecants BC, BC, BC, &c. above CP; and, if » be an 


odd number, 2" x CP will be = BC* x BC* x BC* Sc. 
> 7. Ex- 
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7. 


” 1 | | 
Expanding à + z and @— 2, it appears by the equations 
a +2—4—Z, = 214% X eK X +e Cc. 


and 


* * 


a Þ2z2—a—=z = 22 xz Te N TA K Te Ge. 


that, when 7 is an even number, 


2 . NIX #=2 s #-4 1 #—1X#=2X1=3X1=4 1-6 1—2 
2 quanta FF | 2 2 2 „** a” 
_— 2.3 + 2.3. 4.5. ' + 


. ES. : 5 Z 7 — 2 
is = -c x3 +d' x2 +e Fc. (to * factors); and, 
when 7 is an odd number, 


11 1— Uu-IXM-2 XN 7 1— 1 
E TANs %þ nx== „ 
2 2.3.4 


= TGX STA „ S Pe c. (to _ factors). 
Whence it follows (writing for a, c, d, e, &c. their re- 

| 2 values CP, BP, BP, BP, Sc.) that 

BP* 4- BP* -þ BP* Sc. and BP*x BP* x BP* &c. the ſum and 

continual product of the ſquares of the tangents above CP, are 

equal to ICP: and CP" reſpectively, when 7: is an 

even number; and that the fame ſum and product are equal 


to 72 N cp and CP" reſpectively, when 7 is an odd 
number. 


If I be 1; then, A being = 2; 6, c, d. &c. will be 


2 
_- 


4 _ A 
mn - . 2 1 _ _ __ 
TCC 2 


— 
— — — 


the tangents of the arcs — 5 2 2 „Sc. ol refpec- 


F | tively : Therefore, if 7 ay an * 3 one of theſe arcs 


5 will be — and, conſequently, its tangent infinite. But the 


| oy 1 power 


Paxr VII. LUCUBRATIONS, 


power of & whoſe exponent is 27 then vaniſhing out of the 


2” n 2" 


value of the expreſſion a + z —2tx X -A-, 
2n | 


2” n * 


obtain d by expanding a ＋ 2, 4 — , and a — 2 (= 42 2 


* 


* 42 — =}: and 472 a being the coefficient of the higheſt power 
of Z, which does not vaniſh, in that value; we have, in this 
caſe, excluding the factor z + Sg. of the Tang. of 9o®, 


aÞz+2xa+2xa—2 +@—z =4qna'xs +6 X 
A TeX +04 Ce. 


If be =— 1, and x an even number, 


2A * * 


a ＋T＋Z2 NTX 42— 2 + a—z will be = 4 x Y 
x2 © x3 +4* Se. 


FETs 9. 
Whence, by extracting the ſquare root of each ſide of thoſe 
equations, we have, when 7 is an odd number, 


a+3+a—z2z = 2na Xx V +6 X V Ae TA. Sc. 
excluding the infinite quantity Y Sq. of the Tang. of 90? 3 


and, when u is an even number, 


5 2 TZ + a—z=2x%z CV X V + f xV# Tad Ge. 
Hence the following conſtruction is inferr'd. 


I ©. 
Having deſcrib'd, about the center C, with the radius 2, Fig. 3 


$* 
and 4. 


the circle PaAaA &c. draw the diameter PCQ , and the tan- 
gent bpb; divide the ſemicircumference PaQ into as many 
equal parts Pa, aA, Aa, aA, &c. as there are units in 2N ; 
draw the ſecants Cab, Cab, Tc. and, taking, in CP, any 


point O, join bO, 60, Sc. and call OP, 2. 
Then 


— 22 —ů — ̃ — 


MATHEMATICAL 


Then bp will be = b, bp c, &c. and bo = / * ＋ , 
bo = NV Te Sc. g 

Conſequently, CP + OP ＋ CO" being — TH. + a—: E, 
and x PQ x bO x bO@&c. =2naxVvV2*+b* x VE + & &c. 


when 7 is an odd number; 


CP OP J. CO" will then be = » x PQ x bO x bO Ec. 
n+! 


excluding the infinite quantity bO. 
But, if „ be an even number, 


CP ＋ OP ＋ CO” will be = 2 x bo x bO &c. 


I T. 


It is obvious that, of the factors bO, bO, Sc. the firſt and 
laſt, the ſecond and laſt but one, &c. are reſpectively equal to 
each other. | 

Therefore, the ſquares of the factors below CP, and the 
{quares of their values, being excluded, 


CP + OP -+ CO" is = n x PQ x bO* x bO* &c. and 


2 ＋ 2 ＋ a—z = 2naxZ +b x 2 ＋ e Ec. 
when 7 is an odd number; or 


CP ++ OP -+ CO” is = 2 x bO* x bO* Sec. and 


a ＋ 2 + a—Z =2X2*+5 x 2* + e. 
when 7 is an even number.“ 


12. 


By ſuppoſing O to coincide with C, it appears that bC* x bC* 


* The theorems in this and the 5th Art. I have demonſtrated, in a diffe- 
rent manner, in the Phileſ. Tranſact. for the year 1754. | 
Sc. 


PART VII. LUCUBRATIONS, 


Sc. the continual n of the ſquares of the ſecants bC, 


bC, Sc. above CP, is = — „ or "wk: * CP", ac- 


cording as 7 is an odd or an even number, 


I 3. 
By ſuppoſing O to coincide with P, it appears that bP* x bP* 


&c. the continual product of the ſquares of the tangents bP, 


5—1 


D ; CP ; 
bP, Sc. above CP, is —= 3 CP“, according as 77 is an 


odd or an even number. 


14. 


Expanding 42 ＋ 15 2 — E, it appears by the equations 


e e on e e 


ae * N Cx TJ &c. and 


T 2 x £ "+ Þ x 2 S +© x23*+4* Ge. that, 


when 7 is an odd number, 


— ———— — — — — — — — 11 


„ IX 2X 3 X 1— i 
+ ag" 5þ RIS Et 5 +— 
2.3 2.3.45 7 


S=2*+b'x2*+ fx 2*+@ © 


when 7 is an even number, 


2 


— OO $a — — 


7 on] Hun 2 H—TIX N—-2 X N- 3 224 n 
2 N X — 472 N N — — 4 1 a 
+ 5 + N + 


is = E X *+& x NTA &c. (to — factors). 
Hence it follows (writing for a, 6, c, d, &c. their reſpective 
values CP, bP, bP, bP, Sc.) that bP* =_ bP* Sec. the ſum 


of the ſquares of the wum bp, bp, Ce. above CP, is 


1—1 X *—2 
N CP“, or 7 x P., according as 7 is an odd 


or an even number, 


K It 
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; 15. 


6 od a 


If in the equation a + z— 2 x = 4 Par ITT 4 
2 2 o, found Art. 1. we write xV —1 for its Equal 2, 
we get 


n * 2 


—_ - 
a+x —I— 2X ar * ies. 


Whence 3 the tangent of » times the arc whoſe radius is @ 


7% nt nk $M ib 
and tangent x, is found = —= x N | nh 


e + 43 0 1 
16. 


Let s be the fine of the arc whoſe tangent is 3 then will 


8 Fats 5 — 5 — — = . 
= — = . = 


TID + 2— 9 —1 —1 
Hence and V , the ſine and coſine of ꝝ times the 
arc whoſe radius is à and tangent x, are found equal to 


1 TS... 
a © OHV —— | pre 4 2 
An 53 and = X 
re or . 2 In 
a* x* a* x* 


reſpectively; or, writing £ for the ſecant of the arc whoſe 
tangent 1s x, the ſame ſine and coſine will be Expreſs d by 


3 . nn on and — * e LEES 
eee 2 ON. 2 
reſpectively, 


17. 
v being put to repreſent the fine of the arc whereof * is 
the tangent, it appears, by ſubſtituting in the laſt Art. 


75.— _ 
for 


Pax T VII. LUCUBRATIONS. 


for its = 
whoſe radius is a and fine v are 


EY 


Vai—vr pow—1=vVi—v —vw— and 


— 57 
2 —1X 4 
* " 


. v/—1+ Vir == reſpectively. 


— 


—— — —— * 


24 | 
Hence it evidently follows, that the fine and coſine of » 


times the arc whoſe radius is @ and coſine z will be reſpectively 


expreſſed by «+ and 
2 Pg! * 5 


u EVA + 2 —- N —&, 
„ 


24 


The theorems in the three laſt articles are true, n being any 
number whatever, : 


Au 
Nee 
7 
25 


N 


: K 2 SECTION 


ual x, that the ſine and coſine of * times the arc 
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MATHEMATICAL 
ONCOL ee ee 
SECTION 


The RtsoLUT1ON of certain compound FracTions 
into more {imple ones. 


I8. 


UTTING 5b, c, d, &c. to repreſent the tangents of 
the arcs — 22. e, Sc. (fo long as theſe 


n 
arcs are leſs than go?) * being 1, and 7 a po- 
ſitive integer; we have prov'd, Art. 11. that 


3 1 2 is g TY x TC K NTA, &c. 
g denoting 27, or 2, according as 7 is an odd or an even 
number. 

The fluxions of this equation being taken and divided by 
225, we have 

—5 — Ig ＋ SCX S x * + & Ce. 
CELLS TINS = 18 x2* + 6* * 22 + Ad X 2* + 2 Se. 
gx ＋ UN t x2 te &c. 

Sc. 

Whence, by taking 2* equal to — 6“, „ — d, Ge. 
ſucceſſively; 


nxXI+bW—I-nx1—-b/—x 


mXxI+dV—1—nx — 


— is found g x C x d*-b* x C. 


22 —1 
3 mt. 

3 2 72 8 SS X 
FAY or Sg HX d- Xe 
1 — 1 


20 —1 =* bd xc dx. d-&c. 


Sc. | | Sc. 
| But 


Pax T VII. LUCUBRATIONS. 
But, writing G, y, d, &c. for the ſecants of the arcs whoſe 


tangents are 6, c, d, &c. and G, C, C, &c. for the coſines of 
thoſe arcs ny | ; we have found, Art. 16. that (Rad. 


being Li D 


1—1 — 
4 * . is = Sine of — . — C; 
20 —1 * n 
| —1 n—1 
En 11 —1 wel mae] — Sine of D 
20 —1 7 * ; 
fool! nr 
r - az ins of SEPT a ©; 
2 —1 5 ” 
Se. i Se. Se. 
Conſequently, computing from hence the values of 
n—1 n—T 1 1—1 


1＋ = — 1=W—1, 14 i — 1 eN＋, Sc. and ſub- 
ſtituting them in the preceding equations, we get 


21 5 2 
gx -= xd —b xe — b &c.— — — — ; 
2 pp" nos 1 ys 1 

9g * — * — © KX d. — * — C Cc. 
C c N 

n > SIE: ASoWAKES | * pct tho 
g * AK = = G. = — i 257 | 


Sc. Se. c. 
1 9 „ | 6 


When m is = 0, or an even poſitive number leſs than »—1 ; 


. hz / 77 
the fracti ing ſupposd = M_ T 
E raction a n being ſup P OS d Bp ts 2 + * ＋ == + = 
I+z+I—z 


La Sc. the numerators, or coefficients, M, M, M, @c. 


will be determin'd in the following manner. 
| Multiplying 
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Multiplying by TIS + 1 2 we have | 
Mx g Ie „ TA xz Te e. 
3 Mxgxz'+F x A x *Þ © Ge. 
IM xg x2 + # * x * Tec. 
c 


Hence, by taking z* equal to — 6, — c, —d*, &c. 
ceſſively, we find 


ſuc- 


. AL nn 
EXC —#=xX&—# x -& e. 
* 3 W „ X cV—1 8 
gx -A x d — x e e. 
4 h X dV —1 "OX 
g N DDA K =D x Fd c. 
e. | Se. 
or, ſubſtituting for the denominators of theſe fractions their re- 
1—2 1—2 1—2 
ſpective values = ms - _ —2 , Sc. found in the 


preceding Art. we have 


8 113 


S b. Se. | 
Hence Theorem 3. in the ſubſequent Table is deriv'd. 


Let 
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20. 


Let S denote any ſeries of terms of 2 and known quanti- 
ties, in which the exponents of the powers of 2 are o and 


even poſitive numbers leſs than 2 — 1 ; and let 8, 8, 8, Se. 
be the reſpective values of that ſeries when þV/ —1, I, 
d — 1, &c. are therein ſucceſſively ſubſtituted for . 


4 


8 a . M » 
Then —<— being ſupposd = N + Tz 4 


1＋2＋1— 2 


r Sc. it follows, from the laſt Art. that the coefficients 


/ I 1 4 . 78 8 
M, M, M, Sc. will be reſpectively = to ——, — — — 
48 * Io 

8 
* 
* 
21. 


8 + 2 0 
The fraction it is obvious, is equal to 


I+z-+ 1—z 
m OE Ws am: m mr 
L 1 v 2 
z n fn — 2 ES n 
1＋241—2 | I+zZ + 1—z | 
Now, when 2 is an even poſitive number leſs than 7 — 1, 


or an odd poſitive number leſs than 2; if r + S and z 
be expanded, the ſum of their two values will conſiſt of terms 
in which the exponents of the powers of 2 will be o and 
even poſitive numbers leſs than 2 — 1. 


Therefore, in that caſe, ſuppoſing + x — - X — = 
I+z + 1—z 


"= + == —— A: Sc. it follows, from the laſt Art. 
that 


2 ＋ b* 2 + 4. 


MATHEMATICAL 


72 
. 3 — 3 
that Mis = 6 K 8 —. 
2118 
M = — MX "2 Le — 
| 2ny 
2nd 
Sc. Tc 


f/ 111 


If now p, p, p, c. be reſpectively wrote for the ſecants © 
the arcs whoſe radius is r, and whoſe tangents are 5, c, d, &c. 


and u be put for the coſine of times the firſt of thoſe arcs, 


u for the coſine of n times the ſecond, 1 for the coline of 72 
times the third, &c. we ſhall, by Art. 16. have 


= tt, 


” * r+W/—r + — / 


2 "A 
p 
* ” 
_ x r + —1 + rv [r 5 , 
2 | 1 8 
| p 
m m 
al —T „ 117 
9 5 N r + I + r—4 I = i, 
2 Im 
Se. Ee. 


ir eee eee Sc. 


and ſubſtituting them in the preceding equations, we have 


Conſequently, computing from hence the values of 


PaRT VII. LUCUBRATIO Ns. 


Moreover, when m is an even poſitive number not greater 
a g * 


than 1, or an odd poſitive number leſs than 2; if 7 +z and 


r — be expanded, the difference of their values, divided by 
2, will conſiſt of terms wherein the exponents of the powers 


HHP 


Se. 


Se. 


of 2 will be o and even poſitive numbers leſs than 2 — 1. 
caſe, ſuppoſing 


Therefore, in that 


S Na Nz Nz 
z — 47 R T ATA T f Sc. 
142 — „ 
I r +2 —r— _ N N N 
TT 
141 241—2 
it follows from the laſt Art. that 
Wes 3 * 1 
2 = = 9 
N 3 1 . 
29 —1 uy. 
N . 
Sy 20 —1 1 
Ge. c. 


oy 


#4 


But, writing v, v, v, &c. reſpectively for the ſines of the 


{/ 171 


arcs of which 4, u, u, &c. are the coſines, we have, by Art. 16. 


* 


asf =; 


114% —1 


od ent ER 


L 


— 3 


1 


jo 
3 
29 21 
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mn m 
” rb = -= 1 
— = V, 
2 —1 'M 
* 
Se. __— 
m m 


Therefore, the values of 7 +bV/ 21 r—b// 1. 


rb ol /· i — r— 21 , &c. being computed from theſe 


equations and ſubſtituted in the above, we have 


Conſequently (collecting the values of the two parts into 
which it was at firſt divided) it appears that the fraction 


— M M M 
* 1 KAT N Ge. 
I+2+I—ZzZ 4 Na 1 Nz 


L 2+ TA TA Sc. 
when is an even poſitive number leſs than 2 — 1, or an odd 


poſitive number leſs than 1; and the values of M, M, M, Ge. 


N, N, N : Se. are as above determin'd. 
Hence Theorem 7. in the following Table is deriv'd, 


22. 
980 1 2 2a * © 
Writing @ x rs for x, and —— for x, the fraction 
1— 
mT : | m— 1 —- m1 
* * — . I 2 X 1— 2212 . 
— becomes 22 * 3 x EZ = =24 „ 2 „ 
a'+x — 
| ITZ T1—2 


Panr VII. LUCUBRATIONS. 10 


— 1— 2 
— 


KW 2 — 4 — 
9 5 XZ. XN 1 2 K — 
1＋Z + 1— 2 | ET 3: 12s 
n—m — 2. 
5— — 
Q . X ” * 
17＋ 2 + 1— 2 
21 
Now, when m is a poſitive integer leſs than 7, if 1+2, 
1 — 2 m—1 


18, and 1—2* be expanded, and the value of the latter 
drawn into the ſum of the values of the other two ; the ſe- 
ries thence ariſing will conſiſt of terms in which the exponents 
of the powers of 2 will be 0 and even poſitive numbers leſs 


than 2 — 1. 


Therefore, i in that caſe, ſuppoſing 1 1—2 „ * 2 Fond. = 
* 1— 2 
=IFT FTP op IT Ge. it follows from Art. 20. that 
1 ; = — nr 
M is = PRE IE . «= 
ng 
ES + 1=W=., 
85 . 3 
M = =— C YN mp ap 1+ /—1 + 1=/—1 __ 
5 
. „ IHNDSr=v=, 
5 
1 — — 
1 — r 
= dx1+d' x - — — = 
| Y | no 
d x 2 1＋ — . 
no 


Sc. Sc. &c, But, 
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But, by Article 16. it appears that (Radius being 1) 


282322 8 — 
* 1+b/—1 + 1—bV—T 


Nos 2/7; 


1s Coſine of x — 2m * We uf 


1 
20 


» 


i 180% 
—= S$Sine of n X . 
+ N r = Coſine of 2 — 2 x 228. 
7 
= — Sine of zu * _ 
n 
Henne ) FF! he — 
* . Cone of #—am x 25D 
3 
. | 80 
= Sine of 5m x —; 
Sc. 
Therefore, the values of 1+b/—1 + 1—b/ —1, 


1+/—1 + 1—c/—1, &c. being computed from theſe 
equations and ſubſtituted in the above, we find 


- 5 x w 
M = — x Sine of m x , 


M = <=. Sine of zu » ©, 
7¹ n 
M — 2. „ Sine of Im X i= 
Se. Se. 
Moreover, when m is a poſitive integer leſs than u, if 


1＋ S, 1— , and 1—2' be expanded, and the value of the 
latter drawn into the difference of the values of the other two; 
the ſeries thence ariſing, divided by 2, will conſiſt of terms 
wherein the exponents of the powers of z will be o and even 
poſitive numbers leſs than x — 1. | 


Therefore, 
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Therefore, in that caſe, ſuppoſing 


a 


m—1 . NR — / x N: 
5 142 — 1— 2 Na Z 2 
188 — _ * I Lia . Is 
* = XTF TFT EITR Sc. 
14-3 4 1-8 } 
1 —1 ; 12 n — 2m 
I — 2* 142 — 1 — 2 N N N 
* TOY — r Sc. 
I+z2 + 1— 2 | 
it follows from Art. 20. that 
ot 3 — 1 2. 
— af 224666 
12 1 21 
LE 1+bV/—r — 1—&/X= 
— * 
m—T . „ 
FN 8” 1＋ /—I — i- r 
oy r — 5 WT 
H—2» 322 
PRE I 14 1 
Pony X an A 
— — py 
Fo 2 . 144% I — 1-4 fr 
vV — * 204 
— 1-2 
1 1＋4//—Ii — I- 
— 5 
3 1 
&c. c. 
But, by Art. 16. (Rad. being 1) 
1 141 . — 1259 —r . . 
= X = is Sine of u — 2m . 
Deine of mx 2, 
2 
* 


29 —1 


| 
| 
| 
| 


MATHEMATICAL 


21 n— 21 
e 14 . — = j, = Sine of 7— 1 — 2 * 2 
2 —1 7 8 
: = — Coſine of zu X 1800 ; 
A 
n— 25 n— 2 f 


„ — = Sine of 1 2 x 
— *— 2 n 


29 —1 ö 
180 


— Cofine of 51m x 
Sc. Sc. 


3 


Therefore, computing from hence the values of 


n — 2 n—-200 n—2” 3 1-2 


_ Way ek er, 1+0/—1— I=V —1, &c. 


and ſubſtituting them in the preceding equations, we have 


N 2 2 Xx Coſine of m X = 
N =— x Coſine of zu X . 
155 


N = — x Coſine of m X 
Ec. Sc. 


From hence the truth of Theorem 11. in the ſubſequent 
Table is evident. 


23. 
Writing c, d, e, &c. reſpectively for the tangents of the arcs 


180® 2x 180® 3 x 1809 


» 1 bo 


go") radius being 1, and a poſitive integer ; it is prov'd, 
Art. 5. that 


T x2 Td K S +e*&c. 
g denoting 27, or 2, according as 7 1s an even or an odd 
number. 


Taking the fluxions of this equation, and hiding by 2, 
we have N X 


„Sc. (lo long as theſe arcs are leſs than 


Pag T VII. LUCUBRATIONS. 
BED: g X +c xz +d x2 e Ce. 


1x1+2+(_J2yz*x2 TJ X TEC x 2'+f* &c. 
a _ 29 * S Þ * 8 Te * * ＋＋ Se. 


29 * 2 ＋ e X2*+d4 X 2 +f* Ge. 
Sc. 
Whence, by taking 3 equal to o, — cf, — d, — e', Ge. 
ſucceſſively, we find 2 = ge xd xe , &c. 


8 

we 14 + =VA—gxd—c C ce. 
LOS | — : 

2X 1+ dV —T 8 I—dV/ —1 —=-gd xc d. Ne = xf*—d* c. 
1—1 1 


nx 4 2 X == rx = xi —ex/ =o Se. 


Sc. | Sc. 
But, putting , 9, e, &c, for the ſecants of the arcs whoſe 


77. Hit 


tangents are c, d, e, &c. and E, E, E, Sc. for the coſines of 
thoſe arcs reſpectively; we have, by Art. 16. (Rad. being 1) 


2—1 1—1 
Bo ae. nA Loh, _ Colin of = In a — C 3 
5 3 
14 — 4 cone of JT xr = C; 
= OS 
— Coſine of 2 — 1 x 2 


1+e/—1 + 1— 2 — 


HHH 
2 = — C; 
28 


Se. Se, Se. 


| nas? 


Conſequently, computing the values of 1 Te _— + 


nr MH—T n—l 


I—c/—1, 1 +dV/ —1 + 14% — I, &c. from theſe 


equations, and ſubſtituting them in the above, we have 


. Hem —2 
nge xd — c Xx — ( * — Sc. -ACY — 75 


79 
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MATHEMATICAL 
—gd N — C—PxE—0 —Ixf*—d* &c.= 163 192; 


— ge XC — e 9 — e X f — Fae N= 1 „ 2; 
Sc. Sc. Sc. 


24. 
| hz 
The fraftion —7; being ſuppos'd = =+ == y 


142 — 1—2 


* 
Nz 
* 


1 ＋ 


Nz Nz 
TT F 
leſs than 2; the coefficients, L, N, N, N, Sc. will be deter- 
min'd in this manner. 


Sc. when m is o, or an even poſitive number 


Multiplying by 1 . 2—1— 2 , we have 
Lx g x2 TS A * 2 S Pe Ge. 
Nx g X Tad Xx F&E +f* Ge. 
Nx gz Xx TAN Z Ten Ty &c. 
Nx gz Xx ⁊ +Ox2'+d XK / Ge. 
C 

Whence, by taking 2 equal to o, and — cf, —&, — e, 
Sc. ſucceſſively, we find 

L =o, in every caſe, except when #2 is o, and then L is — 

þ 3 

g N * c. 2n 


hs” = 


z 


PIES... m 
8 | h x 2 „XVI 
C ww • ... www 
ee Oh = naar "ay 
7 we 18 ee; 
dN -A X A, d . 7 
N | oY X eV <1 h x > i ; 
= —— — —— v. ——— y_ — 
T gOX=Exd*=Oxf*=O& 3 
Se. Ec. Sc. 


ſubſtituting 
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ſubſtituting for the denominators ge xd xe &c., - ge 


Ke M c Sc., — gd xc = Xx = A XF 


Sc., &c. their reſpective values 27, — 1; , &c. 
found in the preceding Art. 
Hence Theorem 4. in the ſubſequent Table, is deriv'd. 


25 · 
Let 8 denote any ſeries of terms of z and given quantities, in 
which the exponents of the powers of 2 are even poſitive 


numbers leſs than , or o and ſuch numbers; and let 8, ©, 


SS —— 


S, &c. be the reſpective values of that feries when o, oY — +. 
4, I, &c. are therein ſucceſſively ſubſtituted for 


Then - being ſuppos'd = = * * E 


142—1—2 


. Sc. it follows from the laſt Art. that L, N, N, N, Et. 


T e. re- 
ny n ne 
ſpectively. 
26. 
m ”m m ”m mn 
| . x . r+z+r—Z, „42 — 7 2 
The traction —— zu = Ex 4 LM : 
142—1—2 142 —1—2 14＋2—1—2 


Now, when u is an even poſitive number leſs than 1, or 


m 


an odd poſitive number not greater than 2; if T, and 


r—2 be expanded, the ſum of their two values will conſiſt 
of terms in which the exponents of the powers of z will be 0 
and even poſitive numbers leſs than . 


By M Therefore, 
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MATHEMATICAL 


Therefore, in that caſe, ſuppoſing + * — - 


1+Z— Iz 


Art. that 
L IS = —_— 
2N 

N 3 r ＋ —1 — 
29 

* 4 = + r—dv—r 

N == N—2 : 
20 

N89 
a 

e. Sc. 


— 


1 for the coſine of times the firſt of thoſe arcs, u for the co- 


fine of times the ſecond, 1 for the coſine of times the 


third, Sc. Then, by Art. 16. we ſhall have 


L rb — +r—w— 5 


2 


s 


Tr. rtdvV—r+r—wM=r __” 
2 "i Hb 
. 

Fe. Sc. 


Conſequently, the values of r+/—1 + r—c/—=1, 


r+d/—1 + . —1, &c. being computed from theſe 
equations and ſubſtituted in the above, we have : 
N= 


Pax T VII. LUCUBRATIONS. 


N — — : n—22 1 7 
nry 
MM 2 * . 
2 faves 2 
urg 
777 py e” 
Pd N — — 922 5 
nre 
Se. Se. 


Moreover, when mM 1s an even poſitive number leſs than , 


or an odd politive number Iſs than n—1; if r +2, and 


2 © he expanded, the difference of their values, multiply d 
ht S, will conſiſt of terms wherein the e ee of the pow- 
ers of 2 will be even poſitive numbers leſs than 7. 

Theretore, ſuppoſing, in that caſe, 


I PP +ZI——Z ” M . M fl 
INDE ner BO Ste retn Tore 0 
I +Z—1I—z | 
5 : LE Mz M NM 
A CECEDTDS os re r Ge. 
2 . 2 * ＋ © 2 + 4 2 ＋ e 


it follows, from the laſt Art. that 


Lis 0, 
| X m 8 * 
/ — FN ie 
M =— — 421 * . 
217 
”: | * 
# r r 
M == 49 — 1 X 5 e 
». 
209 


I * 


88 71 PY ay Sad a aint 
— 29 1 4 * Samy — -Y 
2.Ne 


Se. Ce. 


07 


1 #i# 


But, the fines of the arcs whoſe coſines are à, 4, u, &c. 
M 2 being 


MATHEMATICAL 
being denoted by v, b, U, &c. reſpectively, we have, by Art. 


16. 


| mM 3 Mm 
5 ra met ran ,˖[ POR oa 
7 e W 
2 7 : 
T5 m 1 * 
b 2 75 
= 1 r+ dl —1 —r — df —1 = V, 
2V—1 * 
Se. Ge. 


Therefore, computing from theſe equations the values of 


r + . + 1 — def —1, &c. 
and ſubſtituting them in the above, we find 


nz 
nry 
7 4 # ”m 
CD — dv 1 rg 
* 
nrs 
1 e 9 0 
— — 
Are „ 
Se. Se. 


Conſequently (collecting the values of the two parts into 
which it was at firſt divided) it appears that the fraction 


. x xt i 

. is — 4 22 + Fog 2 a> + 4* b of 2* + * 
E . 

ET 


N 2&0 
when m is an even poſitive number leſs than x, or an odd 


poſitive number leſs than 2 — 1; and the values of M, M, 


M, &c. L, N „N, N, Ge. are as above determin'd. 
Hence Theorem 9. in the ſubſequent Table is deriy d. 


27. Sub- 
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27. 


3 1＋2 1 , 
Subſtituting 4 x IE for x, and —— for x, in the fraction 
1—2 
m— 1 -M- 1 
5 the ſame becomes — 24 X 2 x —— <= 
en I +zZ—1—z 
my n — 28. 
— I—z* X I 2 771 nm] — 
— 24 X S X — „ „ N 1 
142 — 1—2 
1 — 2 1 — 4K MO fn—2m” 4. IGG 
142 — 1— 2 0 1 14 1— 2 
— cho „F — #£ 
I+z— I1--z -" re en 
—2% 
Now, when m is a poſitive integer leſs than », if i +2, 
f——2m m—T1T 


1— , and I — 2 be expanded, and the value of the latter 
drawn into the difference of the values of the other two ; the 
ſeries thence ariſing, multiply'd by , will conſiſt of terms 
wherein the exponents of the powers of 2 will be even poſi- 
tive numbers leſs than . 


Therefore, in that caſe, ſuppoſing 


fn—m fn—" , bus 
. [ M MN 
1 —2 * n => TTT TA 
142 — 1— 2 
- 

— 1 —2 2—2 9 7 4 4 Fw 
— I:—z Mz Mz Mz 
n Taxritarr Tor 

I+Z —1I—z | 
it follows, fu Art. 25. that 
1 is = 0, 
fn-2m | n—2 


M -I x Ie“ Xx 1 


ny. 
N—2m n 2 
. 3 * 
3 1 921 — 1 —M I . 
— VV —] X As eee 


wy M 


MATHEMATICAL / 


8 1 1 — 2 Ren 219 
f * . ITV i 
Mis d//—1 x 1+d* x IE 3 
X 1775 
| 1— 27 2 


— 25 
ns 
ff —— fn" 
0 — — . ,., 
= — &/ —1 x 1 be XK ars — 
| | ne 
MN —29 +; TER 
5 1 2 1 — a 
. 1— 42 
b ne 
Se. Ec. Se. 


0 


But, by Art. 16. we have (Rad. being 1) 


1 * — 2 
os. =o a — 1 
50 bo, yy = = Sine of * — 2M Xx ——.= 
of 8; - FP | 11 7 n 
| "= popes 60 
5 Sine of n * N 
2 ' „2 
: 1 r Id et ——— 80 
1 — 2 i —_ > Sine of 1 — 2 X —ͤ— = 
1 29 —1 3 n 
; 0 260 
| EE — Sine of 2 * —— 
F „2. — 
| I — 1 — 120 — — x18 
| == X ENT — = Sine of 7 — 2m x 2 = 
| 2) =} L ” 
0 | 609 
1 Sine of zum X Sy : 
Sc. Ec. Se. 
5 2 
Conſequently, computing the values of 1+/ —1 — 
A—2” | n— 2 n . M—2m 


12 =, 1+dV/ —1—1—-4/—1, Ec. from theſe e- 
quations, and ſubſtituting them in the preceding, we have 


7 . 5 | 60 
M x Sine of n * , 
n 


M = 
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8 
3 


zoo? 
n 


M.- == 27 x Sine of 2m x 


M = = x Sine of zu Xx 
Sc. Sc. 


Moreover, when ½ is a poſitive integer leſs than u, if 


n—2”M 5 — 2 m—T 


1+2z, 1—2, and 1—2z be expanded, and the value of the 
latter drawn into the ſum of the values of the other two ; the 
ſeries thence ariſing will conſiſt of terms in which the expo- 
nents of the powers of & will be 9 and even poſitive numbers 


leſs than . 


A n2Mm 1— 71 
| . 3 1 T 1 Z + - 
Therefore, in that caſe, ſuppoſing Ii x ZI 4 = 


142 — 1—2 
177 


* 72 — . — Sc. it follows from the 25th 
Art. that 


| 1S = EM D 
7 
: f-—? m" f—2” _ = 200 n -— 2” 
M-—y 
G — IV — __ 1+ U 1-1 F 
N — — — c X n—2 5 n—2N 
ny uy 
127 n—29 1 1 — 2 
C I + —I += _ 141+ 1-d/-1 3 
N — I+d X — — n— 27 
10 7 
12m n — 2 2— 2 —2 
mo] — —— — 
8 — — 1 N =IT1— 91 Ii 
N = — ] e 3 en 3 n —2 
| Ne 
Sc. ö Se. Se. 
But, by Art. 16. (Rad. being 1) 
LEE ae: a. 
8 is = Coſine of 4 — 2% X — 
20 1 
360? 


— Coline of m X 


— SS. YT WE 
= * — 


MATHEMATICAL 


222 2— 21 
— *. is = Coſine of 1— 2m x 218. = 
29 5 
Coſine of 2m x =; 
F ICT Gone df FT x 209 
20 8 Es 
— Coſine of zu x — ; 
Sc. A Sc. 
Therefore, the values of T —1+ 1. , 


1 ＋ —1 —1-+ 1—d/—1, &c. being computed from theſe 
equations, and ſubſtituted in the above, we have 


N — - x Coline of n * EO, 

N = _ x Coſine of 2 X — 

N = = * Coſine of 2m x =, 
n n 


Sc. Sc. 
The truth of Theorem 13. in the ſubſequent Table, is 
manifeſt rom this Art. 
28. 


Let A be the leaſt arc whoſe tangent is y, and S the ſemi- 
circumference, radius being 1; alſo let & be — I . Then, 
b, c, d, &c. being put to repreſent the tangents of the arcs 


A A+5 2+ AS 35S e. . we live. 


——Y 


= n n 71 


by Art. I. when 2 1 is leſs than I, and greater than — 1, 
8 E LUNA 


S ＋ A= &c. g denoting 2 — 24, or 2 + 24, according as 1 is 
an even or an odd number. 
Taking 
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Taking the fluxions of this equation, and dividing by 228, 

we have 
29 —5 2—7 . g c Xð* 2 2*+d* * == Ec. 
. ankxis I- Q gx2*+b*x2*+d*x2 2 þ+e* Se. 
ga N +Ox2}Þe& &c. 


Se. 


Whence, by taking 2* equal to — þ*, — &, — d, Ce. 
ſucceſſively ; and writing G, y, 89, &c. for the ſecants of the 
arcs whoſe tangents are b, c, d, &c. reſpectively; 


2 28 —1 


— HS 22 — + 210 is found = 
gx = A == - Ge. 


22—1 21—1 


— — ͤ ö 


2 K LI „r + 2nby 21—2 
2c —1 


18 xd* — ͤ H — © &c. 


21n—T 2n—T 


27 X = 1—4 —1 + 2818 
2 —1 
g* A KA XK A &c. 
. Se. 


But, writing 1 for the ſine of 2A, whereof E is the coſine, 
as obſerv'd Art. 1. we have, by Art. 16. 


21—1 2— 1 


nn „.. 
29 —] gene n 8 5 
28—1 
X . = — - =Sine of 21 IX —＋ A+S_#—4 
* 7 7 5 
— 2/11 ; 
2 —1 X | 5 3 25 2 Sine of z2u—1 „ 3 
Se. : &c. ö Se. 


N Conſe- 


N 


go MATHEMATICAL 
Conſequently, computing the values of 1 SN: — 


3 — 


1—byY — 1, 1+/ —1— MINT ann, Sc. from theſe 
equations, and ſubſtituting them in the above, we find 


PRAWNS 6 - mmm — — * 42 
gxc —b xd —b xe — 6 Gc. = 280 2 x —.— 
21—2 2118 


GE ION - 72960277 Ro” eBRuee 1 22 #— <> 
g X — ͤ d © xe — c' Oc. = 2ny * 


2—2 211 2 
2nky — 3 : 
2 2 8 2 2 7 — 424 
g —d*xc—d xe —d* &c. = 220 ́ w * 
antes = 2 
| NN 4 i 
Se. Se. Se. 


29. 
When m is =0, or an even poſitive number leſs than 27, 
and between the limits mention'd in the laſt Art. the fraction 


m P 


3 hz a | M 
p 2n n n 2" being ſuppos d — * + 63 _ 
I+z—24x1I+Z2XI—Zzþ 1I—z 
23 + + ITT Sc. it will appear, by proceeding as in Art. 
19. that 
"op * X BV 
M is = 6 X * 2 
218 
” h aN 
M 6 X II 
221752 5 * 
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Sp * * d/—1 

M is = d x N 
a 

Se. Se. 


Hence Theorem 15. in the following Table is derivd. 


30. 
| ** 

.* : s PTY * 
The fraction 2 — 7 is equal to 
I＋Z — 2X ITZ X 1— 2 ＋ 1—2 
”m : ”m Fr mM ” 

r+2z+r—z rb Zn 7 —2 
2X 22 n n = ＋ 2n 1 1 1 2n_ 
ITZ —2EXITZ x 1-2+ 1-z 1 +z—24X14+2 X 1-2 ＋ I-zZ 


Now, when z is a politive whole number leſs than 27; if 


m * 


r +2 and 2 be expanded, the ſum of their values will 
conſiſt of terms wherein the exponents of the powers of 2 will 


be o, and even poſitive numbers leſs than 2x : and the diffe- 


rence of thoſe values, divided by z, will then likewiſe conliſt 
of ſuch terms. | 
Therefore, in that caſe, ſuppoſing 


U 


TZ + r—z FO. M M 2 
2 1 n S ETET 2 Ec. 


PEERS. won . 2 ＋ 4. 
I+Z—2/xX1I+2ZX1-2 + 1-z 


#17 


and 
= — | / i 
7+ 2 — —Z Nz Nz Nz 
- — UU ng fi Gr Ras, i 
2 n n 71 2 + b* -]- Z* + * PIER GT 


1+ z—24x1+ZXI-z + 1-z 
being between the limits mention'd in the 28th Art. 


M, M, M, Se. N, N, N, Sc. will be determin'd by pro- 
ceeding as in Art. 21. and, from ſuch proceſs, the truth of 
Theorem 18. in our Table, will be manifeſt. 


N 2 a+. it 


91 


— — — — 
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MATHEMATICAL &c. 


31. 
1＋ 2 


2 


If, for x and x, we write a X 1 — and 2, the fraction 
| 1— 2 
me] -— . . B 
—_— aq or” —— 
x —2ka x + a OY Lats — — — 
ITZ — 2IXITZXI-Z ＋1-· 
—1 28 —2 0 
- Zn . 1-2" Xx I—Zz TE 
— 20 X 2 * „ 2" Rs * 2n es 
I+z— A X 1 +2 X 1—z + 1 — 2 
8 28 — 2 2 
0 1＋ 2 T 1 — 2 
m- an 2 — — 
a NGA Se SD x — 3 7 — 
I＋ 2 — 24 Xx ITZ XK I— 2 + 1— 2 
8 21.— m 28 — 2 
M21 : 2 e | 
4 * N 1 2 & 25 n n TY 
142 — 24 Xx ITZ X I—z + 1—z 


Now, 1 ＋ 2, 1— , and 1—2* being expanded; if the 
value of the latter be drawn into the ſum of the values of the 
other two; and into the difference of thoſe two values, divid- 
ed by 23; each of the two products will, when m is a poſitive 
integer leſs than 2, conſiſt of terms in which the exponents 
2 the powers of 2 will be 0 and even poſitive numbers leſs 

an 27. 


Therefore, ſuppoſing, in that caſe, 


ad 2n-— am 2 — 2 ; 601 
— 142 + 1—z M M 
182 * 2 e n TE. LETT er 

I + z—=24XI+2ZX I-Z-þ I-z 
and 
8 202m zn - 2m ; & 
— I +z2 — 1—2 Nz Nz 2 
3 2 * RRV „„ — 0 
I X 25 - - 1 r 


ITZ — 21K ITZ Xx IL 412 
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k being leſs than 1, and greater than — 1; NI, M, M, Ge. 


N, N, N, Sc. will be found, and the truth of Theorem 20. 
in our Table appear, by a proceis ſimilar to that in Art. 22. 


SECTION 


aer dye Ned. er ou HH KCN dle D 
SECTION III. 


A TABLE 


FLUXIONS 


REDUCED TO OTHERS: 


With their FLUENTS ſubjoined. 


” 


SRI HWY HS HOWE MWD 294 


NoTe. In the following Theorems, 
is any poſitive Integer: 


(POR) Circ. A which is the Meaſure of the An- 
2 gle POR, Rad. being 1. 
Sc. |S | Se. 
6 
(R PQ) 8 Hyp. Log. of —, or the Meaſure of the 
* PQ 
Ratio of RQ to PQ. 
Se. 7 | Ge. 


MATHEMATICAL 


THEOREM JI. 


. 4 1 Mbz Moes Maz 
F = - — into TELE Ter) x 
1 +2 + 1—z 
m1 ; 7 - 71 - , 
5 2 5 1 Mbzz Mczz Mazs 
F K Oro Toes 


I+z+ 1—z 
n = 0, or any even poſitive number leſs than »— 1. 


_— | 


THEOREM I. 
F=—in'o M (PQR) + M (PGR) + M (PGR) Ge. 


THEOREM III. 


G = inte NIK POD NRG PG) +Md(RQ:PO) Ge. 
TT 


| 
/ 3 
M = — 
7 HT 
M = — =" 
* 
"ul ps 4 — 
= — 
Se. Se. 
5 and 2 88 by 
N 
c and * and Secant of} . 22. 
p N 
5 x 90® 


4 and 9 - 


Sc. ſo long as theſe aros are leſs than goo. 
Rad. 1. 
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THEOREM IV. 


7 1 L Ns Nas Nez 
— _ 511 + — — 
F co * N Lc X A* Kc 


m — 1 7. 1144 
: 2 7 NS Nz 
= = — — into — — — 44 — 
G n = 2 = ＋ rA + SEC 
142 — 1 — 2 
m — 0, or any even poſitive number leſs than u. 


THEOREM V. = 
F =—into L(SP:RP)+N(SP:RP) + N(SP:RP) + N(SP:RÞ)&c 
THEOREM VI. 


G=LintoLx at 98 * (RPS) Se. 


Fig. 5. CP: S: 2. 
Er the value of z when F and G are each = 5. 


— inunnUU — 


L =0o, in every caſe, except when m 1s 0, and then L is = 


=_ PF Ss 
N, in every caſe, = — Re 
y 4 
1 2 dV —1 
_ = 
1 2 es —T 
NP 
Se. | &c. 
c and „ . ty 
: * 
| d and 9\T angent and Secant of 7X 150 


3* 180® 
7¹ 
Sc. ſo long as theſe arcs are leſs than 905. 

Rad. 1. 


e and « 
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THEOREM VII. 


: NMI Me: Ma: 
rTIXE 1 | 27 T þ* ＋ 22 = + 27 I &c. 
r ; = — 7nto IT + 
| 142 2 122 + Nzs 42 Nzz 4 Nzz . 
— 2 — e — 2 ＋ . 


mM any even poſitive number leſs than 1, or any odd po- 


| fitive number leſs than . 


_—_— 


THEOREM VIII. 
P M (PQR) + M (PQR) + M (PQR) Ge. 


Lx are, 
Fig 3. FN 1. 


* 
/ A mn j / 
4 


M= —— x Coſine of mA, N = * Sine of mA. 
M=— i— x Cofine of mA. N = — — x Sine of mA. 

Y 2 7 5 
N * Coſine of mA. N = 72 x Sine of MA. 
Se. Se. Sc. Ge. 

b and Þ —.— 

| 3 x o 

c and Tangent and Secant ofy ——. 

d and 9 2 . 
&c. ſo long as theſe arcs are leſs than 90. 

Rad. I. 


4 44 #/ 


po Þ> po &. Secants of the . A, A, A, &c. whoſe Radius 


114 


is 7, and whoſe Tangents are &, c, d, &c. reſpectively. 


—— — 


-\ 
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THEOREM IX. 


_— 2-0: .£ "IP" 21 
Ff. K N E 
* 1 nr * Y a * 144 a 
E —.—4 Nas Ne: +5 Nzz & 
e e e 


in any even poſitive number [eſs than , or any odd poſitive 
number leſs than 7 — 1. ; 


THEOREM X. 
TM(RPS)EM(RPS)EM(RPS)&c. 


F = into4 n+ 


ur ——($P: RP)4-N($P: e RP)+ N (SB: RE) S. 
Fig. 5. CE : FS S. 
PR 
TP the value of 2 ks Fis = 5. 
| 
i * ; * | * 
M = — x Sine of mA. N = — —— x Coſine of mA. 
7 : Y 
* m 2 * 
M = —.— x Sine of mA. N = —— x Coſine of mA. 
oF 1 1 


„ 
Hl 9“ 


83 Sine of mA, N = — —— x Coſine of mA. 


a 4 7171 E 
&c. Se. Se. Se. 
180 
c and y - 
d and & Tangent and Secant ofs 1 
2285. | 


e and. e 4 


Sc. ſo long as theſe arcs are leſs than 909. 
Rad. 1. 


| p, p. » &c. IRE of the Arcs A, A, A, &c. hu deg 


is 7, and whoſe T angents are c, d, e, &c. reſpectively. 


—— 
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[ THEOREM XL 

|} * yay” 3 Mbs Mes Mas 

. F = 2 22 „ T 1 T ah nb _ | 
| AYE Nzz  Nzz N FAY: | 
= F 22 ws 
i n any poſitive Integer leſs than . 

. 2 2 

| 6 x + a | 


J THEOREM XII. | 
| ©, ) M(@p)+M(CD) +M (CQD) &c. 
1 —N en W 
x | Fig. 6... BP D :*. 

- 1 
M — 2 x Sine of 2mA, N = 2 x Coſine of 2mA. | 
| M 2 x Sine of 2mMA. N = 2 x Coſine of 2mA. 
N MD 2 x Sine of 2mA. N = 2 * Coſine of 2mA. | 
| Sc. Sc. Sc. &c. 
| b = . | 
[ 2 = Tangent of —.— 

. 3 1 5 K 2 0x 


Sc. ſo long as theſe arcs are leſs than 90*. 


| A, A, A, &c. the Arcs of which 5, e, d, &c. are the | 
| Tangents. I 


1 | Rad. 1. % 
1 | 

i 
i 

* - 


— OO TEEN 
- 


. tt 7 * 


Err OY 


| : iN 
— — er_—_ = 
— — 
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— ag 33 2 


THEOREM XIII. 
Mes Ma: Mez -, 


m— 1 mu 


— 


\ RET a : 
F= nor a 


/ „ ff / 
Nax Nzz Nez 


Z 
—c 
2 


m any poſitive Integer leſs than . 


x22 2 


re T TN. 


Da — = 7 — Ae 


THEOREM XIV. 


Fig. 6. BP: CD :: a+x: x. 


—— 


1 a M(CPD)+M(CPD)+M(CPD)&c. 
y =(DP:CP)-N(DP: CP)-N(DF:CH)-N (DF: CÞ) &:. 


6—— 


M 2 x Sine of 2mA. N 2 x Cofine of 21A. 
M 2 x Sine of 2mA. NZ 2 x Cofine of 2% K. 
M = 2 Xx Sine of 2mA. N 2 x Coſine of 2mA. 


Se. Se. Se. Se. 
180 
| Nn 
d Tangent of . 
123 3X 180® 
— = | * 


Ec. fo long as theſe arcs are leſs than 905. 


A, A, A, &c. the Arcs of which c, d, e, &c. are the 
. Tangents. 


Rad. 1. 


652 


100 
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MATHEMATICAL 


THEOREM XV. 
. 2 | 3 1 Mz Mes Maz 
F==5 . = _ 46? Tr +> e 
I+Z—2AX14% X IL-2 + I-Z 2nk 
G 1 i 's 8 „Mb Mczz Mazz , 
1 SE e e oy N e r c 
1+Z— 24XI+4ZXI-z + 1-z _ 


mM = 0, or any even poſitive number leſs than 2u. 
4 leſs than 1, and greater than — 1. 


THEOREM XVI. 
F = 0 M (PQR) ＋ M (PGR) + M (PGR) &c. 
2N 2 

THEOREM XVII. 
G = —intoMb(RQ:PQ)+Me( RP +M4(RQ:PQ)&c. 


2nk | Fig. 7. CP: PR: : 2. * 
| | M a bY . 8 
| ” ed hs 
| M EY * =Y 
| : 3 
63 4 wa 
| WT” 
| Ge. Sec. 
| b and [8 =, 
F o 
| c and Tangent and Secant of. A Ap_—_ 
and 8 | A+2X 1809 
ee > n 
Ge. * A+7—1x180% 


| P A 
A — Half the Arc whoſe Sine is + and Coſine E. 


Rad. 1. 


1 


- I" I II hd 
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THEOREM XVIII. 


m any poſitive Integer leſs than 27. 
+ leſs than 1, and greater than — 1. 


7 Z * 2 Mös Mes 5 
2 — E 7 41 ME cc 
I+z—2&XI+zZxXI-Z+1-Z 
_ into Nas Nzz , Nzz 
* Zur l * 55 TTT &c ö 


THEOREM XIX. 


F — into 
2nrk 


NON NY 
Fig. 7. e Fi 1.3.8. 


g 
7 o” / ”m 
| e 


[M= —— x Coſine of mA. N = H * Sine of mA. 
; 2 
[ v o” | H Fa . 
= —— Cofine of mA. N x Sine of mA. 
7 mt Y Ls 
| {1 "Mm 5 arty 
2 — Coſine of mA. N = _ x Sine of mA. 
114 bY 111 
| Se. . Se. Se. Ge. | 
| b and B — 
| 
| c and Tangent and Secant of 2 _ 
1 4 and | 24. 
Se. | 10 * 
A — Half the Arc whoſe Sine is k and Colin L. 


Rad. 1 


7 1 141. 


is r, and whoſe Tangents are : 6, c, 2 8: reſpectively. 


3 | II (O + M (PB) + Mi (PQ) &c| 


— — qę— 


po ps po &c. Secants of the Arcs A, A, A, &c. whole din f 


8 . 
— — 


101 


102 


MATHEMATICAL 


1 H E O R E M XX. 
133 xk „ Me . l . 
SR 14 * = + Þ + —z = + © ” IR 4 &c 
I 2 into Nzz Nzz Nzz &c. 
a "DFE BFIE  EEp 6 
m any poſitive Integer leſs than 27. 
& leſs than 1, and greater than — 1, 
& — 4 
8308 77 " 
5 ' THEOREM XXI. 
F — 


1 in) M (COD) + M (CQD) + M (CQD) &c. 
TT 
Fig. 8. : D:: + x : x. 


M and N — * 
N and N Coſine and Sine of: —.— 
M and N | 7 
Se. Se. 
Sip [9 
= | Tangent of A +2. 
EVR "Ne A-+ 2 x 180% 
d = n 
S * A t x80 


A = Half the Arc B whoſe Sine is & and Coſine K. 
Rad. 1. 


— —— — — — — — 
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eee 
SECTION IV. 


Other FLux1oNns transformed to ſuch as are inſerted 


in the Table. 


I, 
15 | { 
ga bran. &” — 
3 — —8 X = nd 
„ 2,8 

„ | 

x = . 
2. 
1 * 

I + y” a ay xx LESS 2 
a EF I+Z— 1—2 
2 
+ 1. 

—— 7 ju 
Z 1 
3. 
1— 1—2 — 
4 1 2 —— 
1+ Fe "> - 
: 14 1 
4 
J=== 
ng 


Pax r VII. LUCUBRATIONS. 
7. 


Us 2 — 


— 1 , 
1I— 2 X % 


LF. > „ „ x — p : In 
kara 2hy + 1 p 1+z-2&x1+2X1-z + Iu 


v any poſitive Integer, 


B the Arc whoſe Rad. is . and Coſine . 


þ the Sine of B. 1 the Sine of v1. B. 
E the Sine of 2B. } the Sine E v. B. 
45 ＋ : — 

# the Sine of 3B. & the Sine of VI. B. 


Sc. P By 
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— 


—— — — * * . = ä 
b 2 6—́— — * | 
—— — —— 4 wat A —— — — — * ET £& — — JC — * 
>” 1 = — e. — : — " > pong — * _ 


— 2 17 4s : p 


- + 
— 97 - — 
_  S 
F - . 
— 1 —˖ wo dd lo. =@4 acc - a 
"3-5 Gs tO . 
— e 


— So 
I —— 2 Ain + 
—— — 22 
— — * 


6— 


= 7 
©" 
_ 


» ot oe. 


MATHEMATICAL 


By an eaſy ſubſtitution, the truth of all theſe theorems will 
appear, except of the laſt, which I inveſtigate in the following 


manner, 


4X2 uon ＋ 
As” 44 1 


By Theor. 4. we have 


— — 
| * 
. n 75 


27! ” 
x — 1 x — 17 x —2tx +I 


being = ++ VE'—1, -i, and A =——=== 


= ———, where 4 denotes the ſine of the arc whoſe ra- 
26 —1 
dius is 1 and coſine E. 
Now it appears, by diviſion, that 


vn - 
1 ins , 4 —2 1 > 93. 1 
— js = 1 0 + 
and 
x 521. 2 29 — 2. A 4 U—JR 2 
= x + rx + rs (v) + 
4 7 x — 7 
v being a poſitive integer. 
Therefore, by ſubſtraction, we find 
wn vn / / 5—3. aA 
* * 992. u o 
eee = 
& — Fog — 7 ' 
„ 4V 1) —T Un [ 
A* 7 — 1 1 en "4 _ r ES 
x — 21 + 1 


Moreover it appears, by diviſion, that, when v is a poſitive 
integer, 


n—_ 7} — f} 1— 5 N 
*. . & * ; 
n - P ; 7 
Xx — 1 * * * * — 7 
4 
and 
—— 4. — ?] low, 7 MA N 


(v) + —. 


7 X 217 


Therefore 
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3 — 5 — FEI WD 
* : ” UN} '2 o IU,H 
Therefore = „. ＋ r . „ 
x — 7 * — r mM | 
vd-r r V = 0 
Paws — 4 — 
wo) oo Connie; 
„ —2kx ＋ 1 
i 1 K 
VN e 
But, by Art. 17. SeCt. 1. * * 3 


is the ſine of » times the arc whoſe radius is 1 and coſine . 


It is evident then, that the theorem I propos'd to demon- 
rate is true, 7 


SCHOLIUM I. 


The following memorandums will be of uſe in comput- 
—— 


* 


ing the fluent of — 


by our theorems. 
«„ — 21 + 7 


Let B be any arc whoſe radius is 1 and ſine k; and let 


the arcs B ＋ 360®, B ＋ 2 x 360, Sc. be denoted £4 B, B, 
Sc. reſpectively. 
Then 


1 
— x Sine of «vB x Sine of — —B[ 
- Rt 3 of —= En, 


-I Sine of v —1. B x Sine of — 


7 x Sine of vB * Sine of —} 


- Sine of — S5, 
A Sine of v 1. Bx Sine of —*B 
1 * . . 1 2 
＋ * Sine of vB x Sine of — g 5 . 
: . . - dine of — B, 
== 7 x dine of v1. Bx Sine of ——B 
Sc. Se. 


P 2 And 
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— 


— — ** = 2 
| 2 - . 
. Y o 
8 2 * — * a . — ji 2 * — — 
2 0 K - 2 7 4 — 


2a Wii Ys — —— 
23 ——ů——ů — 


— TSF A 


* > 
— — Ice wn 4 a. 


— ys. 
" we 
— 


— 
© mn 
— 


5 A „ 
= | ae — SS ö * 

_— IT IS SEN 
ws: a Ld" nes We * _ 


x, .. 8" CI 
_—_— —— = once * 2 


—— x 
— % * . 


= 
* 


* 
* y — 


apr - — 
2 


— 
— — 2 
2 2 — — 
- bd - 4 
— >. - ö 
9 9 ZIP 


r 3 
* 


BE =D eos — —— 


ATE. * 


FS * 
8 * 3 
— — 


_ —— — 
. — — 2 


— — 
* 1 * 
1 IE 
* Bi. — 


—— 
ä 
22 q #64 SA 


— 7 Xx Sine of vB x Sine of —— 


* 


MATHEMATICAL 
And 
„ Sine of vB x Coſine of ——B 
kh - wa — Colineof — Ds, 
A ine of vf. Bx Coſine of 
5 x Sine of vB x Coſine of — B -A- Lm 
7. Coſine of B, 
228 r — T 
x dine of v—1. BxCoſineof ——B 
Sc. Ec. 


Moreover 


m 


7 X Sine of v+1.B x Sine OY 


V4 


I : — — s n1— 7} 0 

x Sine of VI. B x Sine of ——B 

7 die ef ILSS , 
— 2 * Sine of vB x Sine of ——B 


a x Sine of v+1.B X Sineof —ZB 5 UN+N = Ms; 
: | _* ( dine of ——=-B, 
— X Sine of vB x Sine of — e 


Se. 8 Se. 
And | 
x dine of v+1,BxCofine of —=B 
3 5 — Coſine of 2 


— ; x Sine of vB x Coſine of DB 


x Sine of v I. Bx Coſine of 


—Coline of 22, 


— - X Sine of vB x Coſine of — 5 
Sc. Ge. 


The manner of finding theſe equations I need not explain; 
it is ſufficient to intimate, they are found, with little or no 
difficulty, by means of the theorems in Art, 17. Sect. 1. 


SCHOLIUM 
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N 
SCHOLIUM IE 


If, in the Theorems in Art. 5. and 11. Se. 1. we ſub- 
ſtitute g for @, and Vg +#* for 2, we get 


g+vgth —g=vetb a x N x 
&+hb*Xe*+b &c. or 2Vg + x4 HN Ke Te. 
according as 7 is an even or an odd number; and 


* 


g+vetF +g—vVg+) = ang * E x TU 
9 ＋ Sc. or 2 & M f Xy +b* x9 +4* &c. according as 1 


is an odd or an even number: 


Where, the radius being g; , 9, e, Cc. are the ſecants 


1800 2 x 180 X 180® 
of the arcs — 3 


— „Sc. (to long as thoſe arcs 


n n 


are leſs than 90; and O, , d, &c. are the ſecants of the 


arcs B, — — — — Sc. (ſo long as theſe arcs are leſs 


than go"). 


SCHOLIUM III. 


Writing 9, 7, 5, &c. for the coſines of the arcs 1802 


3 


"AX 180* 3 x 180. - 


3 1, Cc. and p, 9, r, &c. for the coſines of the 
u — 22 5 X 90® 


„Sc. the radius being 4; we have 


2 NR 
84 gk gh þ þ þ 
q GONE » 7 — 0 3 7 — & 3 &c. and - Cray 2 5 2 — 7 5 2 — 0, 
&c P : EE, 


If now theſe values of , 9, e, &c. , , 9, &c. be ſub- 


ſtituted for their Equals in the Theorems above, and & be 
wrote inſtead of þ, there will reſult 
| &o 


„ 22 * 4 w 22 *I * = 
= - — — — — -- 
= 
- 1 — # + — 424 — _ . wy - . LES * 
2 3 - 9 g — r E140 
© —_ « 3 Ps 2% — * — - 4 ad oy — 
— he ths 3 2 


* „ 
— . FI £ — a 
: © 0 . 
— — kw K 


* 


— 


_ 


- 


- 
— 


NEG 


en” ne , — 


4 
N 8 
5 


oor 19 NR 


—— i 


g+VEEF —g—vEEF «17 23g TNT 
g TN +8 &c. x © E N © Ke. or 2c +# „ 
q * 


J 


DE . e wigs wear 1 22 7 2 & q 
g. TI x + &c. xX — X — & accord- 


ing as 1 is an even or an odd number; and 
n 


TY TFT Fang g. A b * g 2 
4 45 


a+ Kc. x X LX E &c. or 2 & fg. ＋ P' Xx g ＋ * 


* * 


. 
, þ? A . 
g + 7* &c. X — x — x — &C. according as 7: is an odd or 


þp? 7 72 
an even number. 
But, taking þ = 9, it appears by the FO in the pre- 


* 


ceding Schol. that y* x 9' x e* &c. (or its Equal == 2 1 3 2 

8 n —2 za 2 

— 1 5 N 2, 

CTC.) 18 = 3 „ (and 3 3 
—1 


Lu 2 
* &C. = ——, or 2½ 1) according as 1 is an even or an 


7 number: 
Likewiſe that Gr x y* x d &c, (or its Equal 2 
, 7 Fl 7 e 
| * q* 


72 
K 


New] —1 


2 
&c.) is = —.—, or 2 1g (and conſequently 
- x 
** 4 „ DE Es . 
— x — x Kc. = ——; or 2 ̃) according as / is an odd 


Y * 4-2 
or an even number. 
62 2 


It follows then that 1 ＋ NTT — g—V g' ＋ is = 
28g N xg + x8 + x g +rixg& +8 Kc. or2%g* +# 
„ +4 Xg + x8 +£ &c. according as 7 is an even 
or an odd number ; and 

* 


Sag. 2 


2 


4 
8 Is 


Flirt Fi Jer Þ 


Fug . 3 


eg. . 
( 


os. be 9 


v1 7 


N 


LAZAAZAAZAA Sc. = Aaum u PO. , | 


11 
2 


22 244 Langent at . 
"CT /: 


CU hore he w regal we CG, be Aide „ CB. 
PH= Hay eddie © akoce Gui i) C6; 


Aazaatc.=;-x Hnr. A O. 


Part 7. 0 fe. 9. 


e 


P2P 2: 4c: 4 Langent a& P. 
; 
a GO. = x aui, PO. 


1 [ | 1 41 


—— — — — — — A 2 4 a a 225452551 
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S TY YT TNT F agg Ty NK 


1 7 , - , 
x x +r* &. or2 xo +t#xzg +40 x8 + 1* bc, ac- 
cording as 7: 1s an odd or an even number. 


The Theorems in theſe two laſt Scholia, as well as thoſe 
from which they are deriv'd, ſuggeſt ſome remarkable pro- 
perties of the Circle; and likewiſe afford means for illuſtrat- 
ing the Harmony between Meaſures of Ratios and Angles : 

But as the Reader may, from what is commonly taught, and 
what is contained in the preceding pages, collect ample inſtruc- 
tion for proſecuting this ſpeculation to a greater length, as he 
may find inducement; he will excuſe me, that, having no in- 
clination to purſue it farther, I here deſiſt. 


* 


Mathematical 


ee ee ee eee OICOM 


Mathematical Lucubrations. 


PART VIII. 
Of FrukNrs and the Sums of SERIEs. 


FFC 


$. I. The InvesTIGaT1ON of a very comprehenſive 

Turoxku, of Uſe in computing the Sums 

of Sir1Es, and in finding and comparing 
FLuENTsS. 


I. 

A, B, C, D, Sc. denoting any ſeries of numbers, if their dif- 
ferences be taken by ſubſtracting the firſt from the ſecond, the 
ſecond from the third, &c. and the differences of thoſe diffe- 
rences be taken in the ſame manner; and again the differences 
of theſe ſecond differences; &c. 

The iſt fories of difterences will be 
B—A, C— B, D—-C, E—D, F—E, &c. 
the 2d. C—-2B+A, D—2C+B, E—2D-+C, &c. 
the 3d. D-3C+3B—A, E-3D+3C—B, F-2E+3D—C,&:. 
the 4th. EAD. PCB FA. r Se. 
Se. Se. 


And, D being B—A, the firſt of the firſt ſeries of differences; 


5 — C—2B--A, the firſt of the 2d ſeries of diffs.; 
D D- 3C+3;3B—A, the 1ſt of the 3d fer. of diffs. ; 
Sc. Se. | | 

B will be = A ＋ B, 

C = A + 2D - + D, 

D =—=A+3D + 35 P, 


E =A+4D+60+4D+b, 
Sc. Ge. 2. 
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Putting 3 for 8 c for 9 4 for 2.421 gum 2.04} 


Sc. © 
- — 2 „Sc. we have 
— the Binom. Theor. | 1 |A ＋ Am ＋ Alm + Ami . Ad + Arms" c. A X 1 + mx* . 
aking the fluxions, and 
ws h Ee 
multiplying by 2 5 Dams" 2. 3m 4 dn + 5 Dem &c. = Dams" x 1 + ma”, 
nx 
Dividing by &, taking 
the fluxions, and multi- a—2 
Ul ” 1 7 : #/ 1 3 
i 5b 3 Dbn*x" + 3Don's? ＋ bam + 10m c. = Bb x1 + mx", 
plying by ——- 
1 2D 0 
eo Dividing by "og taking | | 3 
of <4 " * 4 +. / n 1 
— ar 4 Bam + 4B = 10H Ec. = Bamix Xx ITM N. 
; Dat | 
plying by 
8 3D: : UH 4n Q oi a An — 
Continuing the operation. 5 Damtx** + gDem*x Sc. = Dan*s*"x1 + mo". 
Se. Sc. 
* | F . 4 U 1 — . 
Hence it appears, by addition, (B being AD, CSA DD, &c. by the preceding Art.) that 
a a? | H—2 — 3 


A+ Bamx A we hl; Dem*s*" &c. is = A x1+mx"+ Dams” x 1 + mx" + Bim x 1 Tur + Dems" x 1+mx" &c, 


This theorem is demonſtrated, in a different manner, by the ingenious Mr. Siusox, in his 
Mathemat, Diſſert. where are given many examples of its uſe. 
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3. 


, . . 
en eee 1 . 1 41 * . T1. T2 ? 


Sc. and à a poſitive integer; 


/ 7 DP 75 1 Þ 5—1 3 51 5—2 
D will be , D 2 Nr N D. iN 172 (%. 


Conſequently, taking y = — 1 and x== 1, we have, by the 
preceding theorem, 
2 q PET e tete, þ oo, equal to 


1 


— 


* 1 
1—1 — 3 IT ] — ] — 96 wy Fa t+1 t+2 (a) 
= + 5X * ; = - (a), where the upper or lower ſign takes 


place, according as à is an even or an odd number. 


4. 
1 ? 
1+mx"x Fluent of 14+ mx' x x*"-*'x being ſuppos'd = y, it is 
Propoſed to find the value of y by a ſeries of terms of x and 
the given quantities , u, p, 4, 7 
OS 


Dividing by 1 1 + mx", taking the fluxions, and ſuppolings=1, 


215 "I — mnpy x 1+ mx" x x", 


Pro 
— 1+ mx" * Om = 0. 


weget e KR 


whence 7 -+ mx"y — mnpyx"*—* 


a.a—T1.4—2 
2.53 

Sc. and 2 be ſuppos d Ax" + AA * | 

1 + Avas f. "+ BV Tan A. BAT. a Sc. we ſhall 


find, by ſubſtitution, when à 1s a poſitive integer (as we ſhall 
henceforward ſuppole it to be) 


4.4—1 


If now @ be wrote for p- I, 6 for 7 * for — 


11A 


151 


——C 


mru Ax + m , ru. 


np HA — 


; 
| 


fo — — 


— <A = 


LUCUBRATIONS. 


It appears then, by ſubſtitution, that A is = PLZ + 2, A = nA 


p—r—2 221 op —r . m 


nA TNT. As 4 Tzu. Ar . + | rn + an. Be" u LAT I. u. B 4. bern tle” Os 
il 2n 5 - 1 / a+1.n RY — 1. . 
A? ** ak m. run. Bx + mn+0+1-n.Bs Se — 
il 1 an / a+1,n 47 . 
np Ax — , go 2 mnpAx — mnpBx — ph Et. | 
Sendo” amis; 0 © — m x 
p—r .mA + am . bu r Se 
— 1 7 ＋ 1 n n. 42 1 n. T3 oh ek 
1 = ee 
. TI nB o 
= Td r +a+1 *? 
— 3 q+r +2.mB. 
„ r+a+2 *? 
— mb $5 q+r+3.mB. 
e r 
Sc. Sc. Sc. 


NT IT TZ 


n.r +: 2? ; 
and therefore it is obvious that 
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p—r—2.p—r—l.am , p—r—2.bm em 
n. . TI. 2. 43 r T Sc. - 
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a 


Bis = into ... Ä ˙ EIN and + 
n 


1. 111. r +a 
Pp=r—a+I f—L—Aa+2 coo. p- a + p-r-a+1 . P=L—A+2,.00 0 + p=r=2 
e FoT > 1＋2 — re 5 142. S3. r4-a 
N e 


44-2. 4 4-I. 44 | rÞa—1.r+a r+a 2855 


—£+* p+1-p+1+1y __p+t-p+t+1.p+t+2, 
—— into 3 wy i, Taper t+1 BY FT . 
＋ &c. t being * for 1 —a—-7. 


Conſequently, the value of the laſt ſeries being + < 7 * x 


tf +1 
is = + 2 x2 xt=2 
by the preceding Art. Bis = + £ RT * (4) 
en = = , the upper or lower ſign taking place, according as 


a is an even or an odd number. 
But - x EIT * (a) is = — £x— 8 (a); 


t +2 5 1 r +2 
therefore oY is = * = * == (a) X ——— — = whether à be 
even or odd. 


? 
It follows then that y, or its Equal 14+ mx" x Fluent of 


7 


In x xs, is = Ax ＋ A g Arn 25 (r. 
E into the ſeries t — 


. 
7 * TI * 142 (9) x = = 
r+g+1 ACI. 7 1 r+q+2,8 n+ a+2, 4 
Fe 122 ea“ . 9 


* Ze 


Hence it appears that the ſum of the ſeries 
ier + +1. AE 8 
a r+a+1l _— r+a+l.r+a+2 N 
rÞ+9t1-13d:9+2:r+9+3,5,.30 * 
r m3x3" + &c. is = 


1.r ba 
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p Ee JR 
2:2 x r.r+1-r+2(a) , 1+ mx"x Fluent of 1+mx"xx 4 


TE, 0-p= 2 (%0 into e ee ee LEI 
mM XxX as TT 
—"xA + Ax" + Ax“ (a). 
Hence, writing — m inſtead of , and a—q—1 for its 
Equal p, we have Theor. 1. in the following Table. 


0. 


Let a be ſuppos d = = 0, then will þ be =—q—1; and, 
v being a poſitive integer, it will appear, by taking 


} _—_ LE mx + n v from each ſide 


r — 1 r oY I r + 2 
of the equation in the laſt Art. and multiplying by 
r+ 1.20): 


1 
* . that 
r+q+1-r+e+2(v) / „ 


r ＋ rin Aer. r+9+0+2,, i 

= r+v +1 24 * I r = = 
r+1.r+2(v) | .» = 7 
r+4+1-7+4+2(v) * 1+mx" x Fluent of 1-þmx” XX 


X 


CNET 
max . me 8 u '=(v) 


2 r+2 
ww} -.Þ 


wn X 1+mx” x Fluent of 1 Xi T1; "the 


——— 


— + 
— — 
—— 


ee eie ee. r 1 
8 rv 3 ** r+v+1 .r+v+2 MN 
found by writing -}- v for r, in the ſame Art. 


Hence Theor. 2. in the ſubſequent Table is deduced. 

In this article, where two ſigns are prefixed to a quantity,, 
the upper or lower one takes place, according as v 1s an even: 
or an odd number. 

The third theorem, in the following Table, is deduced from 


x 
2 5 1 
the ſecond, by writing 2 2 and — 7; for m, u, r, 


value of + 1 — 


— Wc: 


and s reſpectively. 
The fourth theorem is derived from the ſęcond, and the fifth 
from the third, by writing — 1, 1, r— 1, and.g I; for n, u, 


9, and 7 reſpectively; and afterwards putting 1+ mx” inſtead 
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SECTION IT. 


A TABLE containing ſome 'I HEOREMS 'of Uſe 
in computing FLuznTs and the Sums of SERIES. 


» _— 
—_—_— —_ 


THEOREM I. 


„4. 9. 2 8 20 . hu, 7 = 

= x mx "&c. = 
| MAE oat as ma. EET 
th wo 1 E I—Mx "Fluent of 1—mx"xx x 
„, 7 1.2 (a) | | 


n A-A⁰⏑ An xn _Anx3-4(a) 
„TI S. r+Haktl=f. 


a o, or any poſitive Integer. 


| 42.4—1 — 1.4 — 
323 ; & wn Rs «QA a K „Se. 
24 
A 8 A 3 4 — . A2 4 oe a—s5—1.nuA+b 
Om OY _ = 5 8 — 
r nar +1 n.r+2 
= 2 — 7 —2. A4 
A = * „c. 
2. 143 


THEOREM II. 


E = r. +1. +2(v) 
X IT... S+I.SF+2I+3(9) 


r 


g+1 rn 
+1 


* IT. 2 5 100 


1 . td. FW. 
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THEOREM III. 


8 „ 522 (v) 
WE: 11.7 2. —3 (b) 


(G— 


Qty .n 


. 2 2 | 
OY 1228 os => —_ —] 


mns 


* + or —, according as v is even or odd. 


— 2+1:7+24+3(v).G , < | 
13855 FI. FCZ. ( Y) + PPE 55 Th 1 0 (v). 


THEOREM ,1IV. 


a ES. I 


5+ 1.5+2 


THEOREM V. 


7 rl 


— ES > Carb LE 00 


A 7.41.2 (v) 


In theſe laſt four theorems, v is any poſitive integer, 
Q:=—=1+ mx, 5 = g +r, 
2 


G = Fluent of 1-þmx" &, 


? 
= Fluent of 1+ mx" x 5 


2 
4 | ru -u.. 
F = Fluent of 14+ mx" x x *; 
"=. 7 Af 


UH) | : 1 Yin ] 
F — Fluent of IX N x X, 


g—vV 


— — 


5 5 1 5 
* 


= Fluent of 1+mx” x x 


wo _ 
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Some other Turorrtms deduced from the firſt in 
the preceding Table. 


— 


1. 


Taking, in the firſt theorem in the preceding Table, 8 - 1, 
we have 


T4. 1 „„ . 41% 20, . LI. 2% 3n 
x x 1 + - mx + tx 6 
＋ 7 F710 . 


a YA—T. 


1—mx x Fluent of 


a 
1 — Mx 


r+a.n ry+1.rÞ+2(a) | 
+ * 7 4 41 


Amx3 (a), 
where the upper or lower fign takes place, according as à is 
even or odd. 


2. 
And, if in the preceding Art. — m be wrote inſtead of , 
we ſhall have | 


* n , 2 . : 3 
x Ten, 1— —NX 4 2 — os ut 2 &c. = 
z t.t+1 t.t+1.t+2 | 
a 


| IMM x Fluent of — 
r+a.n r.r+I.r+2 (a) 1 ＋ u 


X > IL x : 1 5 
mn" 1.2.3 (a) | wn TO + Am x% + 
AmxY (a). 


3. It 
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It follows therefore that 


Ta. „ 4% „% . T2. 743 a 
x I þ —— t+1 12 888 A r. t+2. nx" Ke. is = 
. 1 —— 11. 
x Fluent of 
RI 2 . 1 + mx" 
222 r. I. +2 (a) * „e 5 
== 1. 2.3% „ Fluent of | 
| 1 — ms" 
1— AT AF R-). 
O | 
3 | 4 
1 , —. 
| — x Fluent of⁊ͤwke 
. a * N 1 + mx" 
„4a. n rrÞ1r+2(a) | I—mx" os 
ER I.2.3(a) 1 2 X Fluent of 
mM 1— ma” 
— x" 5 _ + Aeg. * 
Anx3" (2 r, 


according as @ is an even or an odd number. 


ra 


© "FF han NOS. 7 ũ, 
N 1 2 cl ma I 
o 5 - x Fluent of or WTF mr * 
A : 
x Fluent of 2 being 


a a a a 


+ . — . 41 1 — — 


nd 


4 


R 


+ I + mx"vV—1 — I — l 


4 


x Fluent 
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it appears, writing m/— 1 for m1 in the laſt Art. that 


n 
x Fluent of — 
I + = + * 5 25 5 
1+ m i + 1 — ma 20. PREG 1 == * —1 
* T 
N g EU = + a : 
8 I 1 —1 19 2 
X Fluent of r = 2 X 
LS — * —— 
Fluent of —— — . — = —. == * — x Fluent 
I F: m*x 20—r 
g 1 — go F u f 3 8 25 Fl 
e e t o 0 — ; uent 
9777 = CF Xx "4 212 * * 
ran] 
1 2 
of - 7 and 
4 — * F lene of — „ x Flu- 
2 1 + 22 - 
33 3 ERNST +5 + 1 — m"v—1 x Fluent 
as I — MX l . ; 2 f 
or 2 | mel = — x Fluent of 
1 + mx” | 2 | 
rna——T_ en 
1 MF 
a —1IXS 
DTT = EX Fluent of — 22 = + V—1 x SZ" x 
Fluent of Xe HE 2 
I+ m*x*" 1 
a . a Jof atimes 
T4 mx 4 EI 1E 88 the Arc 
S being put for * * S Sine | whoſe Rad. 
| a a Lg, 
fl —1 + you I—mx . d 
C 1 „142 | Coſ. mx", .an 
for 25 ene F. 


Vid. Art. 16. Sect. 1. Part VII. 
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. 1 — 


2 „4 21 r. ACN 


r. , 2 'M_, x 7. Tr. 271 2 1 4n__ gy 
1771 T 74 . 1 11. T ＋2. e 8 bs 
| CF" x Fluent of — 
I + ms 
ns tbe 
SZ" x Fluent of —— 
1.2.3 (a) * a 1 ＋ me"! 


m* 


| 
— 


1 


De, L 
or ++ i wg "8 8 


— 


according as à is an even or an odd number. 
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Am*x# — (=) , | 


rnd- 
— Cz* x Fluent of = 


+ Sk“ x Fluent of 


By proceeding much in the ſame manner, many other theo- 
tems, of a like kind, may be inveſtigated. 


It muſt be obſerv'd, that, 
th=r + a+2; a = 


38 2 4—1 


in all theſe four articles, 
„, or any poſitive Integer; 


+ hu wh + om 2 4—1. — „Ge. 
2.3 
A=L kn Dok te ., 
"nr n.r +l 


ah 


n,r+2 


82. A+ Ge. 


1 


LEE 


* + or =, according 


at 


a 
as ＋ is even or odd. 
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terms) is = 2+n:a+n+1(m+1)—a.a+1.4+ 2(m+1) 


SS YT PTY RR £3 g * 1 
, „ 5 — 934 Wi 
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Mathematical Lucubrations. 


4111. PART IX 
Of the Sums of SERIES. 


EFFECT 
$. I. An eaſy Method of computing the Sums of 


certain PRoGRESSIONS. 


AMT 5 545 
It is obvious that x+1.x+2.x+3......... & ＋· - 1 is = 
*. X＋I. x22 * M NI. -I. x＋- 22 x +m's 


ence | 
TI. xz. g (m) eee. 

If now, for x, we write a, a+Þ1, a+2, &c. ſucceſſively, 
we ſhall have got | 


a+1.a+2.a+3 (m) =SLob20+3(m+1) —oacr.o+2(mþ1) 


m +1 | 
ate S HH, 
4T+3+4+4-4+5(m) —=+30+4.2+5(m7 _ — —* a, 

Se Se. 


Hence it appears, by addition, that 4.1.4 2.4.3 (m) 
+ a+2.09+3.a+4(n) + a+3-a+4-4+35 (m) &c. (to #. 


m +1 | 
2. Taking 
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2. 


Taking a , we have 1. 2. 3 (u) T2. 3. 4 () ＋ 3.4. 5 (2) 
Sc. (to n terms) = T5942 (T3) 


m +1 
3, 


Taking a = -, we find 1.3 41 () 


Se. (to 1 terms) eee 1.3.8002. 


4. 


a I 3 * 
The fraction *. I. x2 4 4 —1 8 . TI 2 * n 
+ - Iz Therefore 


v7 "TIS 9 1 1 : i 
*. K I. 2 (AI) ian *. XI. 2 (r x-þl.x+2.x+3(m) ” 
and, if 3, 4 +1, a--2, Sc. be therein ſucceſſively ſubſti- 
tated for x, we ſhall have | 


M Mm 


/ 1 | . 8 
a.a+1.,a+2(m+1) wo a. 4 I. a+2 (m)  aFi.aÞ2.aF30(n) 


hs 


I mM mM 
PTT 4 I. a 2. 3 (n) I. a+2.a+3.a+4(m) 
I 3 mM | Fog 


aFtaF pats (m1) © aFi.a+3aÞF4m)  at3atqaF3m) 
; Sc | Se. | S. 0 


From whence, by addition, we get - 


: i 1 
4. 4 I. 4 ＋4 2 ( I) F 


. - &c. (to # terms) 


a+1.a+2. 42 ＋3 (1) AA a+2.a+3.a+4 (m+1) 


I 


— a:aFriaÞi(m) 2 e r) * 


5. Sup- 
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Suppoſing 8 == I, and n infinite, x appears that 


ITED T1 Tent) T iH Ne. (ad init. 


N 
Sg 2 


ee 
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Taki 8 * 4 
W 7 5 0Uο¹ ＋ ITY T 
pe 13 — : xm 
5.7.9 (m+1) e 1.3·5 (m) N 
7. 
Dy Sir Isa Ac Nxwrox's Binom. Theor. 
+ 


x+4d d is S* 4441. dx? 4.432 27 ee 
Sc. Therefore 

. 
* is = 8 - ιν 2 —_— —— 


Sc. Hence, cmding x by a, a+d 4 + Ty bis 3d, &c. 
ſucceſſively, we have 


| +! £+! "fp 
of 5 . ——_—— Sc. 
— p+2 | 
„ LIES A. FT 


GET p=" 2 
| d — 4 8 
TAU e 24. 2d — — = .o +20 Sc. 


a — 4 — — 
2 ＋34 = — 2 —4⁴. 77% + — — 20. 4 3d Ge. 
&c, Sc, Sc. Se. 


Conſe- 
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Conſequently we get, by addition, 
PA 1 
of En ˙·— —Lgf_ 224 3 —— ch, Ge. 
T 3. 


SP being wrote for a + 2+ TFd+ 7d + 743d u). 
oF for af" + 4 12 74-4 4 22 2 I-58 (1), 


— 2 


3 6 TEA + 72d + a+3d (). 
C's 


Po rom whence it follows, that 


P 
ig EEE — — — = + Sc. 


74 
21 p—1 

_—— ——— —— t=2:1=3p96"4 0 Sec. 

c. Sec 


Now theſe values of 80-1, 892, Sc. being ſubſtituted ſuc- 
ceſſively, for their — Equals, — the value * SP, we 


find 8 = of + ＋ —— 7 Fad + 73% 00 = 


D 


; + nd __ a+nd 4- A ) a J 7d 
mat * wn of Fl 12 2 | — 21 T 
p-p—1.p-2.Ad + 7d Ag = 
P. PI. -Z. A N a+ 7 . -I. 2. P-. P. A ) a + c 

2.3.4 155 T 2.3-4+5-0 23 8 

K; 

A being — : > 3 
13 13 3 

* 2 24 * 30 
A . 

„„ 2.3: 4 42 
A —=—— 2. 94 #-2-9x ns $7:0:34 Rani: , 
* + "Ts FF TR. en zo * 
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A benz er 
A being — ＋ + 2 —A I" 2 
| 20:9-8.7-0:5:4'4 Se. 


© '2:3-455-06:9:$ 88 
Se. Sc. i hel Ge. 


8. 


When p is =—1 the numerator any denominator of the 


Sox 0 p+1 . 
fraction = 22 (= 21 22 Tn) both vaniſh. In 


that caſe — x Hyp. Log. of — is the value of that fracti- 


. value is the quotent ariſing by dividing the fluxion 
CE ne. 


of (the numerator) a + nd — 4 * by the fluxion of (the 


denominator) p 4; p being ſuppos d variable in comput- 
ing thoſe fluxions, and afterwards equal to — 1. 


. 9. 
Writing 27 inſtead 1 u, we * by Art. 7. 


p+1 
24+ IT i043 Cod (nn). 1 N 
a 


A 3 2 
Ap and J. 2A 3 Fs 2nd ere Ge. 


2 


8 $4 3-6 
and, —"—_ 24 inſtead of d, we have, by the fame Art. 


3 
E a+ 2nd 


of + 3F2d + 3F 3d + 36d A 


T 


* 
2 


2 2 and 4. e: 2 * a + 2nd 
Sc. | 


= _ „1. 


It 


PaRT IX. LUCUBRATIONS. 
It appears, therefore, by ſubſtraction, that 


1 


p P 3 f xD an BEE 
a+d+a+3d+a+z5d (u) is = —_—— 


e uo — 7 p—3 
— 244.) aFand ESRC) aFand — 


PROT cw 
—1. 5. i. fmt . -K. Ad. 2 Se. 


2.3456 — 5-5 


2.þ+1.4 


57 x Hyp. Log. of .. See the preceding Art. 


= 
When p is =— 1 the value of FE is 


I ©. 


Taking the laſt equation from that which immediately pre- 
cedes it, we have 


a ?—IF9 + ER a+ 3d + 3 3 
— A — e 250 Pip pg 2. e 


_— af =? 2.34 2 
1 

. eee ee 2 Tad Ge. n being a 
2.3.4.5 4 — 4-5 


poſitive Integer. 
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SECTION II. 


Another eaſy Method whereby the Sums of certain 
SERIES are computed, 


Fs 
x 
ax 4 
e E 
abx + abc 8 ab 


x+a.x+b.x+c x+a.x+b.xþ+c Py xa. x +6 
Se. Se. 


it is evident therefore that 


ab abc 
. FIT x+b. Te x+a; ö. e xd (n) is 
EL 


——— 


* . „ ＋4. x+b(n+1) 


12. 
x bx 3 
Moreover —— rr 77 doo 
RR + ca * 
Ka. x+b . x+c T #+8 , z+d. x4 of x-+a.x+6 
Se. Se. 
e 
— + + cx 1 dx? nh 
ET: 11 = x+a. 7 x+c IK a- K. x. 4d 
IS = 1 — | 


x+a IT x + 1 


13. The 


PART IX, LUCUBRATIONS, 
I 3. a 


The value of the fraction v 7 being inde- 
finitely ſmall when +, 4, b, c, &c. are all politive numbers, 
and 7 infinite; if inſtead of b, c, d, &c. we write @ + 7, 

a+2r, a+3r, &c. reſpectively, and ſubſtitute & for x e, n 
we ſhall, by Art. 17. find 
a . ar a.a+KSr.a+2r a. a Tr. a 27. a+ z 
b +: +4 ＋ 1 F.k+r a &.t+r.t+2r * 7. 4A. 2 2 Kc. 


{ad inſinit.) = = = = 1 — , when rand  — 4 x are 


poſitive numbers, à and & being either poſitive or negative. 


I 4. 


Likewiſe, the value of the fraction * T Ex being 
indefinitely ſmall when 7 is infinite, and x, a, 6, c, &c. are all 


poſitive numbers; if for , c, d. &c. we ſubſtitute a e, aar, 
325 &c. reſpectively, as in the laſt Art. we ſhall, by Art. 12. 

24 . 4 a+2r. ** 3 
have 2 — 9 + * r (ad in 
init.) = 1, when 7 and x are "Pm numbers, and @ either 
poſitive or negative. 


In like manner may ſome other theorems be derived from 
thoſe in the eleventh and twelfth articles, 


re s 
N 
8 


* 
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A farther diſquiſition concerning the Sums of SERIES. 


e 


„ 
By oy Binomial Theorem 
EBIT T 942 — — = -x3 Ec. 
of which taking the fluxions, ſuppoſing only p variable, and 
1 by p, we get 


Sh 2 P—2 
ITxxtlog of 1 + x =x + = +. þ-p—2 
5 5 S—1 T7 
lh . 
p—2.Þ—}3 "II 
* 1 SY” 
p. p— 172 
Hence, ſuppoſing o, or any poſitive Integer, we have 
* | * | FT of 
1:2.3 (pÞ1) 2-3-4041) T 37504) TI. = 


This theorem is deducible from Art. 1. Sect. z. Part VIII. 
yet I could not omit taking notice, in this place, of the eaſy 
manner in which it is here obtained. 


16, 


| poſing only 7 variable, and divide by zun, we ſhall- find 
— * " 


* 
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16. 
1+ . — . . 


n* Nt. os Ks Ge. 
2.34.56 


* 


if we take the fluxions thereof, ſup- 


E ** + x — BY” ws ec” vo * * — 
- _ EZ * Log. of Vi+x+x + . x Log. 


of HIT x &, or its Equal . = EPEESS i Flu 
: 4 Ve n˙-2˙ 1 =4* 
ent of o 26S EST 4, 2 
vV1+x* 2 n*'(2.3.4 5 2.3.4.5 6 


1 — 2. 1 — 4 1 — 6 
*. 1 — 4*.n*— 6 8 
hy mn. 1.— 2. n*— 6 (2.3.4.5 6.7.8 
1. 1·— 25. 1— 4 


Hence, ſuppoſing # = o, or any even Poſitive number, we 


540 2 2 3 
* n — 1 A＋ 2. 1 3 n*—nÞ+ 4. 
Bet n-+1, n+2 8.3 T Xx. a+ 3. n+4 * n+3.n+4.n+5.n+6 Ge. 
; 1338 1 12. 2*x® 
or its Equ al Hz, . 472 n+2.n4+3. +4 n4-3.14-4.n+ 5.40 


I.2.J. * 1. BY 
7 „e pes .n+7.n+8 T Sc. = 


- n Vito 2 3 = Fluent o 
rae (21 | 4Nn 2 : == 
»n+2.n4+4(—) x* n 22 & * _ AA 4. 4 (=) 
oe oe HRT «© 1 2,3.4 5.6\2/* 
5 


If 
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If A be wrote inſtead of x, we ſhall have 


| K. ow oh 2x" +1 1.2. 2% 
* ＋ 2 * n+l.nq+p2 n+p 2 .14+3 .n+4 +3 44 u 45. n4-6 
F "> 
| za n+4 .u4+5 .n4+06 .n4+7 .n+8 Sc. = + 
| „ | — -— x Circ. Arc whoſe Rad. is 1 and Sine x 
143-5497 2 21 
- oY n*=2 n= 6 
? 77 * 1 2 % x* | N 2 +. 48 (2), 
eee e ee ee 


the fluent of * being the circular arc whoſe radius is 1 


1— x* 
and ſine x, and S being put for ne . 2 
5 


the ſine of 7 times the ſaid 7 arc. Vid. Art. 17, Part VII. Sect. I. 


17. 


When is So, the value of the fraction 4 2 — 2 
. 
is 1 x Log. of Vi+x* + x „ Fluent of — 7 Vid. 
FI 8, Therefore the value of Vie PT = 2 . — 5 , 
* — — 
or of its Equal S—= is then = © x Fluent of = Con- 


2n ) Ix 
2. I*x 8 


** 2 * 1. 4. 2%* 
n is = + X 
Square of the Circ. Arc whoſe Rad. is 1 and Sine x. 


I 8. 
0 | "_ x nA, we have _ * 


1. 1.2.2 
2. 8 * 3.4.56 * 4.5.0.7. 8 


aac. * — 


* ; 0 


| \ | . we / 2 , 
þ/ | * -þ or 2, according as ts is even or odd. 


&c. 


7 


1 
N ; i » 
. 9 . 
if ? 
x8 
. , 
1 ” 
: 1. 
1 
1 
„ 
I, 
- 
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Sc. equal to + x Square of one ſixth of the circumference of 
the Circle whoſe Rad. is 1. 


<Y 


19. 


1 = 9 when x is = 1 and n == 2, we have, by 
1.2.2 1. 2.3.20 3 

Art. 16. — * + .d += T ==; = 
20. 


By taking the fluxions as in Art. 16. we find, from the Equat. 


Viko+x— —_ 


— — *.* .— x3 | n.n A n — * 
. TY 8 
er : 
ee. 2 * — * > x Fluent of —— = 
x vV 1 + ** 
2 1 I N —3. 
| 93117 * 2 
x + + 22 * —3 1 Se. 
24 2-3 2 ll T1303 4:9 
Hence, pale n equal to any odd poſitive number, we 
2— 1.2. 24 
get *r „ J. = n+2.n+3.n+4 Ty 773.144. n+5.n+6 


1.8.3.2 


Fa; n+5-n+6. "+7 1＋8 e 


Vike ME os x — x Fluentof 
11 * rr 
7 


NR ——— ER. 
n+1.n+3(==) = EA 1 2.3 
201 + 28 =#] xs (2) 


: 21 1 — 1 53:45 3 
And, by writing x — 1 inſtead of x, we find 

| EN _ 2.5 BY I. 2.294% — 

2 N JI. ＋2 12. 3. 244 „ #+3.n+4.n+5.n+6 

| 1.2. 23. 26 

nÞ+4. n+ 5. Tb. n+7 . n+8 Sc. 5 
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wang po EY en 4. Tan en. 


Circ. Arc whoſe Rad. i is 1 


5X4 and Sine x 
2—1 x? 
1 nl 3:3 12 
* 125 5 | 
0 x n41\ 
l — (=); 
25 3 2 1 45 


, the coſine 


C being put for — 


2 


of the arc whereof S is the ſine. 


Wee RO CY =5 


fore that =+5 —__ 


V 3 x one ſixth of he circumference 
Rad. is 1. 


21. 
I. It follows there- 


Sy Se. is = 2 — 


1.2 
Ti: 6.7.8.9 
of the Circle whoſe 


22. 


C being =="0 png x and n are each. = 1, we have 


Lb + 


c. 
7 5 


23. 


If in the Theorem inveſtigated in Art. 7. we take the 
fluxions, ſuppoſing only p variable, we ſhall ye 


— 
Pay Log. of a + a + d. Log. of t of 
i | 
a + 2d ＋ a + 3d, Log. of a + 3d n) 


* or —, according as 


. is even or odd. 


2 
* 
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pb 
1 Log. of ad . Log. of 2 


rr . Log. of a —& . Log. of 2 
Ad 7 4 
hv Y 8 Log. of a + 7: 
1 -i. Log. of a — 

— 1 a 1 —1.5 —2 
| EY UE 2 + p 3 
5551 — a +! L — 4 11 
| Q Ad" Ja nd 
| Ln CC 

24. 


Hence, ſuppoſing y = o, we get 
Log. of a+ Log. of a+d Log. of a+ 24+ Log.ofa+3d (n 


5 1 7-106 dee er Log of s 
wee Ne Ad) a = AAT LNA 
| ” ” 2 — T 1 —.— 12 5 . 


This agrees with the theorem which Mr. Dr Molvkr 
has deduced from different principles, Suppl. ad Miſcell. Ana- 
lyt. Prob. 2. 


28; 


Taking, in the laſt Art. a, d, and n each = 1, we have 


Log. of 2 = 1 + —— 3 . 


2.1. 2 2.34 25. 5.6 


26. 
I roms Art. 9. we get, by taking oy fluxions as in Art. 23. 


2 8. of a 4 J. . Log. of a + 3d + 


X Log. WEN 5d (u.) 
T 


MATHEMATICAL 


2 
a + 2nd. Log. of a ＋ 2nd 
err 42 abt" , Log. of a 
[== _— | 
= T 2nd . Log. of a + 2nd 
* 2 (2 Log. of a Ee. 
* + SHAW A n. 5 — 1.7 — 
A 2nd * 2nd 555 ee 
l Ef ft p. p—1 
p—3 
— 1. * [27 2nd 
4434 1 2—3 CC, 


49. 
Hence, ſuppoſing p = ov, we find 
Log. of of 2 + d + Log. of a _ 34 + Log. of à + 5d (n) 


[5 + =. Log of a + 2nd g Log. of a. 


— I.2 
3 
* . FF 


A theorem agreeable to this, Mr. STIRLING has deriv'd from 
his method, Trad. de Summat. Serier. Prop. 28. 


a 


Taking, in the preceding Art. a = 2, d= 1, and writin 
1 — 1 inſtead of v, we have Log. of 14+ Log. of 3 ＋ Log. of 5 (u) 


A | 2—=1.A 25—1.A 
rt T7 ore 


—— " 
2*—,A — A 
Fe. 


Log. of 21% N 


— — — — 


2.1. 42 5 F. 34. 7. 25.5. 5. 15 


— 7A 
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=". Log. of n + n+; . Log. of 2—n— - A . 


51. 2. 
2 — 1. 4 2 — 1. A 1 f . | | 
— — 3. , Log. of 2 being = 1 

2 % . =; Oc. 8 * 8 ” 


A_ + EZ 4 ZZ3:Þ @6 by Art, 25: 


241.2 21.3.4 25, 5 


29. 


By ſuppoſing p variable and * che fluxions, we have 
from Art 10. 


ab. Log. of 3 a+d +7F 5 
p 
T (zu 
10 + _ Log. of a + 2nd 
| 


— af Log. of 4 7 8 
p—1 
= —. 7 + 2nd . Log. of a + 2nd & 
L — 4a Log. of a ” 


— p-I.p-2 8 


30. - 
Hence, ſuppoſing y = o, we have 
Log. 3 of a+d + Log. of a+24—Log. ofa 3d(2n) 
. Log. of @ o+ 2nd o+ ; Logs of a 


w_ 
eee , 3.65755 
# EMS, 1 


— 1 3. 12 5.6 
„ being a poſitive Integer. 


Other theorems may be derived from Art. 2 3. 20. and 29. 
by taking p equal to 1, 2, or 3, &c. 


NorE. The Logarithms mention d in this Sectiuums are \ of the 
Hyperbolic kind. 


T2: Mathematical 


CFF 


3972988890; 


— PUCPRAD 


Mathematical Lucubrations. 


Ar X. 


Of FrukENrs and the Limits of certain Products 
conſiſting of an infinite number of factors. 


2 kr eb fr cn r n c rc cx . ITS! OO ORC RO (etc he 


$8. I. The Method of inveſtigating ſuch Limits, with 
the Uſe thereof in computing Fluents, 


1. 


Np 2Y--1. 
* T * 


F and G being the reſpective fluents of IN x 


and Ii —x „ , generated while x from 9 becomes equal 
to 1; we have, by Theor. 2. Sect. 2. Part VIII. 
R | — (1) 
a p+r TDT 0, 
1 being a poſitive Integer, and p+1 and r any poſitive numbers, 


| - <W 
e 5 — and 7 = 1, we have 


F (che whole fluent of El þ-44. 3 909. 
M I—x* 3+5+ 7 00 


the whole fluent of being = 1. 


= 12 
Moreover, 
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Moreover, ſuppoſing p——1 and r =, and writing c for 


2 


the circumference of a circle whoſe radius is unity, we get 


n * \__1:3:5(#) 
F (the whole fluent of 7) = 76") * 


0 
— 9 
4 


the whole fluent of — being = = —, 


— 


But, when 7 is 22 F is = 4 ; therefore the ultimate 


" 3-5(n) „ | . 4.60) 
value of — I” 87 — is == the ultimate value of - 18288 
the ult. val. Y = 55 x 2 * z and 3 
7¹ . 
= the ult. Fo of - — lA 5 0:19) x —; 


5 (n) 


which agrees So the value of c found by Dr. . in a 
different manner, Arithmet. Infimtor. 


> 3. 
Taking p = — and — 2 we have, by Art. 1. 


_F (the whole. fluent of — =) —=£5:20,6, 


1 — * 3-7-11(n) 
G being the whole fluent of 
11 — * 
And, if, in the fame Art. p be taken =— +4 and r = 
1. 
3: 7.11 (n) 
we ſhall have F (the whole fluent of — == - )=3 2 x G, 
G being the whole fluent of 
| I— * 


Conſequently, F and I being each = F when » is ſane, 
and he alt. wal. of 7-20) being = the alt. val. of SES x 5 
we find the ule. 2 2 12 


FRO 8 * ult. val. 1 7 2 £ 281 


the ult, val. of 3: ; 2 600 700 
e ult, va of = 10 


Hence 


— 2 + N a — — — 3 * = 
* 7 is (EIN * Fe "ne ar * _ Vs - > om EV. 5+ , WO - * 
* 2 4 p 5 a <5 * * py _— 7 — — SY K — 
. ˙— anti at OEST AT Ro CO x = I — w SEES - - MORT LT 7 PI. * ; . . a A a 
: 2 pt 2 1. - aa - 
— . . — . 1 4 


a”. 


"01 
74 
f | 
4 ; 
Ts .- T2 
$3) 
f | 
£ » þ 
nb 
1 
Þ 
—_ 
4 
it 
hy 
l ry 
. 
1 
I "4 
; 3! 
8 


2 —Tͤ—õ èb — n — 
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| TR. 2.4.6 (n)x3.7- Ade), 
Hence G = the ult. val. of rin 


3 2.4. 2821592 
and G = the ult val. of FOLIO * 4. 


It is evident therefore that 


Gx G is = the ult. val. of = -4*.6"(n) 


19 5 7 ) 
* 1. 2 ; which ak by the preceding Art. is = 


* 4 = the ultimate value * | 


Wee 


: to 


8 a - 
FO, by adding — — = it appears that G + G 


91 
is equal to the whole fluent of —— 77 x ; which fluent is = 


x* 


20, e denoting one fourth of the periphery of an ellipſis whoſe 
ſemiaxes are V/ 2 and 1. 


e from the en GxG = — and G + G 


C 44 | . Fa 


2 


Theſe theorems are of uſe in computations relating to the 
Lintearta, Lemniſcata, and Elaſtic Curve; likewiſe in deter- 
mining the nature of the curve which, revolving about its axis, 
ſhall generate a greater Solid than any other curve of the fame 
length; and alſo in finding the time of deſcent of a heavy body 
in a _— of a circle; &c. And i is + able, that 


(e — 7 e — — } the whole Fluent of 72 is the exceſs of 
I 


the length of Fe two Aſymptotes above the length of the Arc 
of an Hyperbola both ways infinitely produced, the ſemiaxes 
of the figure being each equal to unity, 


{ 


2 
F 


th 
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4. | 
By the preceding Art. it appears that the ultimate value of 


— 5*. 9* (n) 3 — As EOS, 
*. 77. Tn) * 4 i = — n . 
G e + N 
5.9 (n) 1 222. 
| — the ult. wal. of 070 2V ns = _— 


5 
Suppoſing u infinite, in Art. 28. Part IX. it appears that 
the Hyp. Log. of the ult. val. of 1.3.5.7 () is equal to 


7: x Hyp. Log. of » ＋ A + © x Hyp. Log. of 2—n. Therefore 
n+ n 


the ult. val. of 1. 


number whoſe Hyp. Log. is 1, 


6 


The ult. value 9 * + 5 0 * — — being = ==: oy Art-: 3. 


the ult. val. 17 1. 10 * = = the ult. val. of — + ©; N. 
"> M0 


= the ult. val. of = N =vc. 


„ 
Conſequently the ult. wal. of 1.2.34 On) 1 IS = — —. 
N 


* 


7 . 
The ult. val. of 7-5-2 2½ 5 being = e by 
Ae the ult. 1 7. 11 (n) is = the ult. val. 1. 5. 9 (u x 
20 


—_———— 


ew Val | | Moreover, 


2 


, 

* 

id 

11 

* . 1 
** 

6 
95 
. 

. 
. , 
Ki 


OR NID Ie 


9 


— . cit AD 4.25; 


MATHEMATICAL 
Moreover, the ult. val. of 1.3.5.7 (an 8 the ult. val. of 
, 


1. 5. 9 %%% x 3.7. 11006 being = - = by Art. 5. the ult. 


3 Po 
val. of 3. 7. 11 (n) is = theult. val. of 75 IN . Therefore 
8 + 
the ult, val.of 1.5.9 (1) X —— === HE JO 
22 Ic 5 nN 
2 4n 2n—+ 4 ka 
, the ult. val. of 1. 5. f =—==— x e—&— Ic, 
f1.5-9*(n) Ve 
and Ihe ult. val. of 1.5.9 ( = = — —xXVe—NvVe—ic. 
0 X 
8. ; 
Taking, in Art, 1. p=— , and r=1, G will be = :; 
tu E 
and therefore F (the whole fluent of - —— }) will be = 
12 
* e 4 2.4. 6 () 
7.1115 (2) 4n ＋ 3.771 (0 
And, if, in the Gans Art. p be taken =— and r =, 
it will appear that 4 (the whole fluent of — ==) is = 2 X 
1— ** | 
13:50) or its E ual I x I xg bein 
5:9-13(#) &. pn re Gu +1 © 1:5-900) 5, being 
the whole fluent of - 
I — x* 
Now, . being = F when 2 is infinite, we have the ult. 
7: 2 * 
. 
"al e eee = the ult. vol. of — 
111 =, and conſequently 4 equal to the ultimate _ of 
2.4.6(n)x1.5. 9(n), 3 
35.70 XK 3.7.11 (n) n 62 — 2 1 1 7 of * 35 
Article, Moreover, 
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Moreover, taking, in Art. 1 ö and 1 == © we find 


2 +! 


* PE, II r(#), 
f (the whole fluent of 2 => T 3 wm 10 * g. g be- 
ing the whole fluent of — -, 3 
12 


Conſequently, F and F being equal when * is infinite, we 


have the wlt. val. of —; X —_ _ x g = the ultimate value of 
2 8 


3 2 Lx g. and = (= — = the ult. val. 
1 1.5.9 ( ; e—M &—1c 
21—3 
2 1611 MT. ee 
„ == the ult. val. of 2 * 
of n* I.3.5.7{2n) f 1.3˙5 TL” 


which value, computed by help of Art. 5. appears to be = = 
2 


3 wn es 885 c 
Therefore g is = = x e— Ry, 


In the ſame manner, the whole fluents of ſome other fluxi- 
ons may be computed; one or two of which, with thoſe in- 
veſtigated above, are inſerted in the following Table. 


RF 


U SECTION 


, 
. L 
711 
* 
1 
. 
. * 
d * 
6 8 
* 
7. 
= 
| I 
' U 
* 
1 
2 
— 
4 
9 4 
1 
N 
** 
id 
| 4 
- 
r g* 
* = 
, bl 
4 4 
ö * 
. 
4 * 
4 4 : 
3 
” 
* 
. 
af? 
\ 5 
* be 
+ 
i N 
t 
d Y 
i _ 
* 1 
5 \ A 
11 
þ 4 
! 
} I! 
4 1 LY 
£ | 
„ I 
4 
* 25 
as 
1 
$4 ; 
15 N 
Li 
1 
43 
[1 1 
Fr 
N 
bu 
4 
we 
* 
54 
* 5 
a 
* 
"7 # 
i 4 
. 11 
4 
17 
1 . 1 
| — 
W 
\ \: 
| £1 
A* 
7 4! s 
11 
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5 
"= 
1 
1 
1 
iK 
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SECTION II. 


A TABLE containing ſome THROREuIs for the 
computation of certain FLugnTs by means of 


Circuiar and Elliptic Arcs. 


+  e denotes one fourth of the periphery of an Ellipfis whoſe 


ſemiaxes are 2 and 1. 
... . . one fourth of the periphery of a Circle whoſe 
| radius is 1. 


THE ORE M 1. 
5 
The whole Fluent of — is = e Ve 2f: 


v I—x* 
THEOREM II. 
11. | 
The whole Fluent of is =e— Ve —2f. 


v 1—x* 


TH E O 2 E M III. | 
The whole Fluent of = . is e— Ve*— 27 


THEOREM IV. 
: 
. I | 2 
The whole Fluent of p15 = e ve — 2f. 


1 — x* 


THEOREM V. 
> 
The whole Fluent of is V x eþvVe— * 


1— ** 


THEOREM 
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THEOREM VI. 
The hole Fluent of — is eV- = 


THEOREM VII. | 
BY K 18 = Vo— 27. 


The whole Fluent of FT : ; 
The above Fluents are generated while x from o becomes 
equal to 1. 


THEOREM VIII. 


wa, 
The whole Fluent of 2 F | 


LT, 
THEOREM IX. 
75 
The whole Fluent of is = e - Ve — 27. 
1 + * 7 


THEOREM X. 
The whole Fluent of 7 is TEN 7 7 


1+ * 
THEOREM XI. N 
The whole Fluent of —=— is '= ö 
—_ EY 


THEOREM XII. 


The whole Fluent of == is =V2 xe e + WY: 


THEOREM XIII.“ 
The whole Fluent of === 85.== + VEE ang 2 
I 7 * 


The ſix Fluents next above which are found by writing 


72 — — for x in the firſt ſix theorems) are ; generated while y 
from o becomes infinite, 


U 2 THEOREM 


wo MATHEMATICAL 
THEOREM XIV. 


+ | 
| # | ) — —— — 
| | The whole Fluent of = is =e V= A,. 27. 


THEOREM XV. 


YT Wer > OS Io os 


1} —2 4 — 
x The whole Fluent of — is e- Ve — 2. 
| 2 — 1 
. | | } 
| THEOREM XVI. 
i The ohole Fluent of 7 Ef. is = e — Ve— 27. 
i 2 —1 


THEOREM. XVII. 


=; 2 2 
The whole Fluent of ———; = is = i Led den 


THEOREM XVIII. 


The whole Fluent of — 3 


= . 2 dd) — — 1 1 - 
- — ">a £1 — 
— 2 2 NN r * x x. 2 7 . — 
— Dual oh i ate 00 IST CONS > en E210 — 2 — * 
a — . — . ” 2 — 2 0 5 _ 4 


2 — 1 
c HREOREM XIX. 

The whole Fluent of — s = e + Ve'—zf. 
| The laſt ſix Fluents (which are found by ſubſtituting 
1 i 2 — for x in the firſt fix theorems) are generated while z 


from 1 becomes infinite. 


It 


Pak X. — 


71 * 


generated while x from o becomes equal to 1, are V2 — 


79259 — 277 249 — Cn 27 
— and 72 reſpectively: The demonſtration 


whereof may be collected from what is done above and Art. 
800. and 802. of MACcLAuRIN's Fluxtons. 


It may be of uſe to add, that the fluents of 


4. — , 


R * * * 
— — 8 ge- 


Hence may be obtain'd the fluents of 


5 1 — x* 1— K* 
9 while x* from o becomes equal to; ; and alſo the fluents 


of ; and ——>, generated while x* from 1 becomes equal 


r OLIN 


N = 
to 2, 


Mathematica! 


— :-,.2 N = 
- 1 


2 
L 


2 _ * 
e 


r 
. — 
— 
* 


— 
1 
- 
ho 
x 4 
y 1 
7 4 
} 
1 " 
9 
7 — 
* = 
« 
E " 
2 
b 4 i 
* ** 
o 
>, ol 
wy. 
g \ 
- l 
* 
* 
1 
Mr : 
= 
. 
is 
FB © is 
4 ug +4 
* FR 
4 $ 
: * # 
31 } 
oe 
» \ 
L 4 . 
155 
1 
131 
5 75 I 
1 
14 
5 1 
1 
f * 
* 
, 1. | 4 
1 
* % 
14 
71 0 * 
95 by 
f . 
[4 „ 
.- 
7 15 t 
1 4 
„ , y 
1 
+, 
; 5 ®, 
; 5 | 
1 
* 
3 
1 k a 
133 , 
7 . 
< - 
* 1 
F : 
if 
G M 
[ 
: } 
Mi 
l 
* 
Ml 
: 
{ 
4 
" 
ww 


_ * 
— — 
— 

3 
> 


5 


th — 
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PART XL 


Some uſeful Concluſions deduced from certain 
Theorems inveſtigated above. 


EEEEECC.((ͤç0· . 


I. 


Taking, in Art. 24. Part. IX. a and d each = 1, writing 
2 —1 inſtead of u, and adding the Log. of z to each fide of 
the equation, we have 


Log. of 1 + Log. of 2 + Log. of 3 + Log. 4 4 hs 


A A 
F Oc. 


Su. Log. of n 
Ff. Les of n+ 3 + 
— PIT. * 3.4. A5 * J.. Gp Oc. 


Hence, ſuppoſing 7 infinite, we get 
Log. of the ult. val. of \” + + . Log. of 2 — 1 


IS), #) == "A 5 
3·40 : E ae IT Sets FE AS 65 Ina 
Now, by Art. 6. Part X. the ult. val. of 1.2.3.4 (1) is = 
344 — 
— .£Y c being the circumference of a circle whoſe radius is 


1, and N the number whoſe Log. is 1. Therefore the Log. of 


the ult: val. al. of 1. 2.3. 4 (u) n+ . Log. of a — n 


is = +7 . Log. of u A 4 E 
. of V - n= ir g Cc. 
Conſequently 
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Conſequently the Log. of Vc is = 1 —2-+_Is 
and Log. of 1 + Log. of 2 + Log. IT ad 
n Log. of n+ Log. of rm a 2 = + ——+ 


A — 0 * 
Db Fc. n being any poſitive integer whatever. 


2. 


Suppoſing, in Art. 30. Part IX. @ and d each = 1, and u 
infinite, we get 


| 1.35 () 
ny Log. of the ult. val. of 15 
A A A 
— n 
= — Log. of 22z+1 + 1 . 
22 A 2*A 2%A S 
e Wh he ak 
=— Log OO OE? e 75 9 


+ — + =; &c. being = 1 — Log. of 
Vc, by the — Art. 


Moreover the ult, val. of _ «2 is Vc, by Art. 6. 


Part X. 8 the Log. of the ult. val. of — Xx L 3:52 is 


pk Nc 
= Log. of 2—7 . Log. of} -* 7. Log of2n+1 Log. * 
— Log. of Ve — + 


Fr rom hence it appears that 


— 2K 


Lok of a . 


Pl p 
rr 


— . — Sa diotns, . 
= —— * 
2 —— 


— oy 
— — 


— 


— tt Eg 
I 2 
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* — P - 
— 
_ 
_ ir a. 
— — — — — 
— — ” — = > 2 
TE 7 
1 1 2 * - 
* 2 : — — "_ * 


— 


— 
. < oa 
® 45 . . . _ , Fg : . y 8 4 — * 
. . LEAR De ht Go a DIALot  AFNERPRY re = ding. ED "> 
* * — — go — K AP” — 5 — 4 


„ =, 


Fo 
— 


2 eTEgpe.e 


on 
—— LY 


— 


4 - 
EE — 


I BG af Pn HF. AD on DIS ab * 
- bon IE nt, r — 4 


MATHEMATICAL 


3. 
1— — — 4 — — 5 Sc. being == Log. of V c, by Art. 1. 
and 


111700 == Log. of 2, by the laſt 


Art. it follows that 


2*—1. A 2* —1, A 2%—1. A . | Vc 


4 
Suppoſing, in Art. 24. Part IX. a=1, d 5 and » in- 
finite, we find the Log. of the ult. val. of 1.3.5 (n) 


| 2A 27A 25A 
== M. Log. of 2n+1 — * — re. 


1 . Log. of '2n+1 T. Log. of 2 — 2 — 2, 


2A 2A 25A 5 : 8 
e Sc. being =; . Log. of 2 — 1, by 
Art. 2. 

It follows therefore that the ult. val. of 1. 3. 5 (n) is 


n 


— n+} n 
= EE = . Vid. Art. 5. Part X. 
NT N 


n * 
Hence it appears that —. J is = N*, when z is infinite; 


and, conſequently, 2. Log. of — 45 - then = <. 


5 


By writing, in the laſt equation but one, 27 — inſtead of 


= 
. Hows x N* x 4n — I 8 5 
u, it appears that 2 is =——Z-—; when 7 is infinite. 
2 
WA 6. Tak- 


Parr XI. LUCUBRATIONS. - 163 
6. 


Taking, in Art. 27, Part IX. 4 and d each = , we have 


Log. of 1 -- Log. of 2 + Log. of 3 + Log. of 4 (i 
| oe BY ＋ . 
Sun +, . Log. of 2-1 FP 6-7 
— . Log. of 2 + — N — — — Ge. 
n 
TW 3.4.21 1 


Hence, ſuppoſing 7 infinite, we find 
Log. of the ult. val. of 1.2.3.4 (u), or its Equal (Vid. Art. 1.) 


+ Log ated bs OY OT TOO EIS 
of Vc — n = + = * 


== &c. is=Log. of He ++ ! . Log. of 


2 15 (A being infinite) = (1 . Log. of 


2 


1 25 —1 ay 
1•54 


2—1 


A 
Therefore —- + 


—— — 7 Log. of 


zu +1 


3 being, by Art. 4. then :) Log? of Vc — <. Log. 


ZN 
of 2 — | 


Conſequently, Log. of I Log. of 2 Log. of 3 + Log. of 4 ( 


| + - Log. of = : . ＋ Log. of Ve 
is = ; 


3 A PA A 
8 I. 2.211 — — 
3.4.28 +I 5.6,2n+1 


1 being any poſitive integer whatever. 


Taking, in Art. 27. Part IX. a z, d=2, and writing 
7 — 1 inſtead of , we have | 


Log. of 1 + Log. of 5 + Log. of 9 (u 


2A 23—] 2A | 


n — . Log. of 4n—1 * 1. 2.3 + TY TIS. 17 
— + Log. of 3 + | . 2A 2—1. 2K Ge 
— — — 2 oy 

1.2. 4 1 3.4.7. 


X Hence, 


2 
2 


— VI . 
3 > Te 


— © ora ENG KE 


i 1 * 
* —— e 
” 
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Hence, ſuppoſing » infinite, we get 
Log. of the ult. val. of 1. 5.9 (n =n— 7; . Log. of 4n—r 


— 2. Log. of 3—n+1+- Rs. e 
Nam: e being one fourth of the periphery of an ellipſis whoſe 


ſemiaxes are 2 and 1, and c and N as above; 
the ult. val. of 1.5.9 () is, by 2 7. Part X. 


— 


1 "x Web —1 7 PFs. "06-1 "Won 
Fo 7 1 XV — Ve e — e; 
XN. x NC i 
: wk 
CO 1 | N X 41 —1 h s inne; 
being, by Art. 5. When 7 is infinite. 
2 


Therefore the Log. of the ult. val. of 1. 5 9 (n) is 
2 — Log. of 41 —1-+Log. of Ve- i -. Log. of 


2 n Log. of 4 —1 — Log. of 3 — 2 


2 * 


| 2A 1 
1 1 23 3.4: 7 Se. 


7 


Conſequently 1 + — _ + 2 2 _ Ry Sc. is Log. of 


Ve- Leg. of . 2. Log. ef 3 . l, and 


3 of 1 LW of 5 ＋T Log. of 9 (n) 
Log. of 41—1-+Log.of Ve—=vV&—1c-!.Log. 917 


2A Jo. 2A ar, 208. 
2 ww TO. OY 5 Ge. 
1 3.4.41 —I 5.6. 4n—1 


u being any poſitive integer whatever. 
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Suppoſing à = 27 and d— — 1, we have, from Art. 24. 
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Pa RT XI. LUCUBRATIONS. 
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n being a poſitive integer, the uncia of the middle term of 
a binomial rais d to the power whoſe exponent is 2 is 
— —— I — =, ; and the wncaa of each of the two middle 
terms of a binomial rais'd to the power whoſe exponent is 
21—1. 21—2 .2n—7 (u) But 2Nn . 2n—1 . 2n—2 (n) 
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Bo — are each = 1.3.5.7 (n) by the laſt Art. 
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therefore the uncia 2 21. 22. (U jg = Lx 2“, 
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Now the ſums of all the uncie of 1+ x and 1 + x (when 
expanded) "omg equal to 2 and 2% reſpectively ; ; en the 
ratio of 2 to 1 7 N 2 „as likewiſe the ratio of am 
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uncie, to the uncia of the middle term of a binomial rais d 
to the power whoſe exponent is 27 or 22 — 1. 
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MATHEMATICAL 


10. 
Taking, in Art. 30. Part IX. a and d cach =1, we 5 
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From kane and from what is ſaid in he laſt Art. it appears, 
that the ratio of the ſum of all the unciæ, to the uncia of the 
middle term of a binomaal rais'd to the power whoſe exponent 


2M 
FT Vee and alſo 


that the ſame is the ratio of the ſum of all the anciæ, to the 
uncia of each of the two middle terms of a binomial rais'd to 
the power whoſe exponent is the odd number 2» — 1. This 
theorem (Which is of uſe in the (doctrine of Chances) the 
learned Mr. MAcLaukiNn has given, in his Treat. of Fluxions, 


p. 685. 
The Logarithms mentioned in theſe articles are of the Hy- 


perbolic kind; and the values of A, A, A, &c. are as ſpeci- 
fed in Art. 7. Part IX. 


is the even number 27x, is that of 1 to 
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